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ABSTRACT: We initiate the computation of the 2-loop quantum AdSs x S° string corrections
on the example of a certain string configuration in S° related by an analytic continuation to
a folded rotating string in AdSs in the “long string” limit. The 2-loop term in the energy of
the latter should represent the subleading strong-coupling correction to the cusp anomalous
dimension and thus provide a further check of recent conjectures about the exact structure
of the Bethe ansatz underlying the AdS/CFT duality. We use the conformal gauge and
several choices of the k-symmetry gauge. We present partial results: we compute the
bosonic contribution to the effective action and also determine the transcendental form of
the fermionic contribution but do not succeed in verifying the cancellation of all logarithmic
divergences. The main obstacle appears to be an apparent non-renormalizability of the GS
superstring (when expanded near a non-trivial background) action which first manifests
itself at the 2-loop order and leads to subtleties in dealing with power divergent integrals.

KeyworDs: |AdS-CFE'T' Correspondence, Field Theories in Lower Dimensiong.

*Also at Lebedev Institute, Moscow.

© SISSA 2007 http://jhep.sissa.it/archive/papers/jhep072007056 /jhep072007056 . pdf


mailto:radu@phys.psu.edu
mailto:tirziu@mps.ohio-state.edu
mailto:tseytlin@imperial.ac.uk
http://jhep.sissa.it/stdsearch

Contents

.

(D]

B = =

|

o)

lsj

IS

(1=

Introduction

[ String background and strong-coupling expansion of minimal twist anoma-
lous dimension

L3 One-loop approximation

.3 Structure of the paper

Bosonic contribution to the 2-loop effective action
RP.] General remarks on bosonic sigma model
.3 AdS; x S5 sigma model fluctuation action

R.3 Structure of 2-loop quantum corrections

P-4 Evaluation of 2-loop momentum integrals

Fermionic contribution to the 2-loop effective action

B [E

Concluding remarks

N

AdSs X 8% superstring Lagrangian

k-symmetry gauge fixing: 81 = k62 gauge 26
Cancellation of 2-loop corrections in flat-space Green-Schwarz action in
' = 62 gauge 28

k-symmetry light-cone gauge I‘+BI =0
D.1 Vanishing of 2-loop correction in the expansion near null geodesic

=R

D.-2 Expansion near the S5 solution in the light-cone gauge

Calculation of 2-loop momentum integrals
E.l Bosonic integrals
E.J Fermionic integrals

S ES

1. Introduction

To demonstrate the AdS/CFT duality one is to establish a direct equivalence between

the spectrum of the N'= 4 SYM dilatation operator and the spectrum of quantum string

energies in AdSs x S° . There are strong indications that both spectra are indeed described

by solutions of certain Bethe ansitze (for a recent review and some references see, e.g., [i).



While the gauge-theory side of the duality has standard definition at weak-coupling,
the presence of the RR background supporting AdSs x S° requires that the formulation of
the dual string theory should be based on the manifestly-supersymmetric Green-Schwarz
approach [B, f] which leads to a complicated-looking non-linear action [fj—[f.

The quantization of this action is straightforward at leading semiclassical (1-loop) order
by expanding near a non-trivial classical string configuration and fixing an appropriate k-
symmetry gauge (see, e.g., []—[L0]). This allowed one to compute 1-loop string corrections
to energies of various classical solutions in AdSs x S° [Iq-[H], and these explicit results
played a key role in checking the AdS/CFT duality and, in particular, in recent progress in
fixing the structure of the “string” (strong-coupling) form [[Lf] of the Bethe ansatz [I7—RQ]
which led to the exact expressions in [R1, [].!

To provide further important checks of the conjectured form of the Bethe ansatz for
the gauge/string spectrum it is crucial to learn how to extend the 1-loop computations
of [IJ]-[3] beyond the 1-loop level. Here, however, one faces an apparent problem: the
curved-space GS action expanded near a string background that provides the fermions
with a non-trivial propagator is formally non-renormalizable beyond one loop. While the
original string action has no dimensional parameters and both the bosonic and the fermionic
fields in it are dimensionless, when expanding near a non-trivial background one effectively
changes the dimension of fermions to canonical Dirac field one (1/2) in 2 dimensions. The
effective dimensional scale is introduced by the derivative of the bosonic string background,

leading to non-renormalizable couplings (and thus to higher power divergences).?

This problem did not seem to be appreciated in early studies of quantum GS action
which were restricted to 1-loop order [R4], but it was recently emphasized in [Rj], where it
was suggested that it may be possible to resolve it in a special “light-cone”-type gauge. On
general grounds, one should not expect any meaningful results to depend on a particular
gauge choice, but the formulation of quantum theory may look simpler in a gauge where

the action has less non-linear form (e.g. being quadratic in l.c. gauge in flat space).?

! An additional input was the assumption of crossing symmetry [@, @]

2Tt is sometimes said that one cannot quantize GS action since fermions 6 “do not have a propagator”.
This is somewhat a misleading statement. The quantization of the AdSs x S® action is formally well-
defined as soon as one chooses a non-trivial bosonic background near which one can expand the action
(and fixes a proper k-symmetry gauge). There is an analogy with the quantization of Einstein’s theory:
unless one chooses a non-zero background metric the metric fluctuations do not have a propagator term
— the Einstein action is non-polynomial in the metric. Specifying a background metric introduces a
dimensional coupling and also spontaneously breaks the diffeomorphism invariance of the Einstein action;
it can be formally maintained using the background field method in which the background metric is also
transforming (provided one uses a background-covariant gauge). Similar approach can be followed for the
GS string. In most practical applications (see, e.g., [[Ld, E]) one needs to expand near a specific background
which spontaneously breaks symmetries of the original action, just as in a generic case of the semiclassical
expansion near a solitonic solution.

3A possible alternative is to use the Berkovits version of the AdSs x 5% GS action [E] that has a non-
degenerate fermionic quadratic term from the start and formally defines a renormalizable theory. However,
the formulation of the theory (using BRST symmetry as a basic principle) is somewhat ad hoc and is not
completely free of ambiguities (in particular, in the definition of the ghost path integral measure). To see
if this formulation is of practical use for addressing the issues discussed here it would be important to first



On general grounds, one should expect the GS action to make sense at the quantum
level only if it happens to be UV finite: this is required by its basic gauge symmetry — the
r-symmetry. The key technical issue is how to formulate the quantum theory (i.e. make
a choice of a regularization, measure, etc.) in a way that is indeed consistent with the
preservation of the classical symmetries at the quantum level.*

Our aim here will be to begin the investigation of the quantum AdSs x S® string theory
beyond the 1-loop order by attempting to compute a 2-loop correction to the string world-
sheet effective action in a particular string background. This background appears to be
one of the simplest possible non-trivial choices, making the 2-loop computation tractable.
It may be viewed as a particular limit of the circular string solution with two equal SO(6)
spins [[L1], 7] and is an example of a “homogeneous” spinning string solution for which the
only non-vanishing string coordinates are isometric angles of AdSs x S® which are linear in
string world-sheet coordinates 7 and o. This choice is special in that, when expanded near
it, the AdSs x S° string Lagrangian has constant (7,0 independent) coefficients and thus
the computation of quantum corrections simplifies considerably. An apparent problem,
however, is that the simplest spinning string solution with two equal SO(6) spins [, 7
is unstable, and that seems to lead to potential problems in trying to compute the 2-loop
correction to its energy.® One may avoid this instability by a formal analytic continuation
in the winding number m, i.e. by taking it less than one or even purely imaginary.

Remarkably, there is also another important reason to study quantum corrections to
the energy of the circular 2-spin S° solution with an imaginary winding parameter. As
was noticed recently [[[§] (using an earlier observation in [Rg]), this solution is related by a
formal analytic continuation to a “long-string” limit of the folded string rotating in AdSs
with spin S and also orbiting along big circle of S® with spin J. The energy of the S > J
string [BQ, [[]] goes as S + aox/Xln§ in the “long-string” limit, and it played a key role in
recent discussions of the AdS/CFT correspondence in the SL(2) sector [, B]-B].

Let us start with introducing the relevant string background and reviewing the form
of the 1-loop correction to its energy.

reproduce the results of the 1-loop GS computations in [E],[@] by starting with the Berkovits action.

4By this we mean, in particular, that the x-symmetry does not develop anomalies, i.e. anomalies cancel.
The usual quantization schemes specify a regulator that preserves as many symmetries as possible. Anoma-
lies may arise, however, if a symmetry is broken by the regulator. A formal argument for finiteness of the
AdSs x S® action [E] constructed by analogy with the one for the WZW theory runs as follows: (i) the
“kinetic” term in the action is protected by global symmetry (as for, e.g., SO(n) coset sigma model) and
can thus be renormalised only by an overall factor; (ii) the coefficient of the WZ term in the action of [E]
cannot be renormalised (for a symmetric supercoset the analog of the field strength of the B,,, coupling
is covariantly constant; alternatively, the WZ term has a 3d representation that is not possible for local
covariant counterterms); (iii) the sk-symmetry relates the coefficients of the WZ and the “kinetic” terms,
thus precluding any renormalization of the latter. This argument is very formal since it assumes that both
global supercoset symmetry and the x-symmetry are actually preserved at the quantum level. The main
issue is how to formulate the quantum theory explicitly so that these conditions are indeed met.

A similar “homogeneous” circular string solution with one spin in AdSs and one in S° is stable, but
the corresponding fluctuation spectrum (and thus the propagator) is much more involved [@], substantially
complicating the problem of computing the 2-loop correction.



1.1 String background and strong-coupling expansion of minimal twist anoma-
lous dimension

According to [B0, [[(] the classical energy of a folded rotating string in AdSs x S° which
should be dual to a minimal twist operator in planar A" = 4 SYM theory scales for S > J

as6

E=S+f\)InS+- . (1.1)

For small A the function f(\) should have the standard perturbative gauge theory expansion
F\) = ki A+ko A2+ - - while for large )\ it should have perturbative string theory expansion

as 1 3In2
== = — . 1.2
\/X+ ) ap 7T’ ai = ( )

The leading strong-coupling coefficients ag [B(] and a; [[[(] were found to be in perfect
agreement [[l, BT, B] with the prediction of the integral equation for the minimal twist

FON) = aoV A+ ay +

anomalous dimension as extracted from the weak-coupling Bethe ansatz suggested in []7

It is obviously important to compute the value of the subleading coefficient ay directly
as the two-loop correction in the AdSs x S° string theory. It can then be compared with a
prediction of [BF] obtained numerically from the strong-coupling expansion of the solution
of the integral equation of [I:®

as ~ —0.29154 £ 0.0013 . (1.3)

In general, computing quantum corrections to the energy of the folded string solution in
AdS [B6, B{] is very complicated due to the non-trivial o-dependent form of this config-

uration. However, as was realized in [I0, [[§] to extract the leading large spin Eap !

VA

behaviour of the energy it is sufficient to consider the “long string” approximation in
which the folded string solution simplifies, becoming effectively “homogeneous”. Viewed
as a string configuration in AdSs x S* (where S! is from S°) with the metric

ds? = dp® — cosh? p dt® + sinh? p d6* + d? (1.4)
it is then approximated (in conformal gauge) by
t = KT, 0~ kT, p = lo, o =vT, {= \/m, (1.5)
where S is related to k and J = v/ Av. The relevant limit we are interested in is

k>1, Y~ fixed < 1 (1.6)
K

5More precisely, one is to assume that ln% > ‘TIA; we also omit a term linear in J on the r.h.s.

"This may not be totally surprising since the 1-loop dressing phase in the strong coupling Bethe ansatz
was extracted [@] from other 1-loop string results; nevertheless, it provides a non-trivial check of the
analytic continuation prescription suggested in [fl], as it implies the existence of a single function with
correct weak-coupling and strong-coupling limits.

8The strong-coupling expansion of this integrals equation appears to be subtle @], so it is not clear to
us if the numerical result of [@]for a2 is completely without doubt; it would surely be important to obtain
the expressions for the strong-coupling coefficients a1, as, ... analytically. Note that the coupling g used
in [, @] is related to A used here by g = X2
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which is sufficient for computing the coefficient of the leading In S' term in the energy.
The above configuration ([.) is related [I§] by a formal analytic continuation [Pg] to
the J; = Jy circular string solution in R; x S2 part of AdSs x S°

ds? = —dt"”? + dip® + cos® p dp3 + sin® ¢ dep3 (1.7)
taken in its form given in [ (J; = Jo = Vw):

t' =w'T, 1 = mo, P9 = P3 = wr, w=\VrK?—m?2. (1.8)
Under the continuation t — ¢9, p — i, ¢ — ¢3, ¢ — t' (one is also to change the overall
sign of the string action) and the parameters are related as follows:

2 2

K=v, m =il =i/ K* — V2, w=K. (1.9)
The quadratic fluctuation action near the above solution will have constant coefficients
after a coordinate rotation [[L1, [[Z]. We may also start directly with the same background
(L.§) in the equivalent “rotated” form given in [R7:

V=, ¢z = wr +mo, ¢3 = wT —mo . (1.10)

Then all coefficients in the fluctuation Lagrangian will be manifestly constant. It is the
configuration () that will be our starting point for the quantum loop computation.
Our aim below will be to compute the 2-loop string correction to the energy of the
circular solution ([.10) assuming the analytic continuation in m ([.g) and the scaling limit
(). For simplicity we shall also set v = 0, i.e. set the S° spin of the folded string to be

zero or k' = 0 for the rotating solution in ([L.9):

K=v=0, m = —ik, w=k, n%%lnﬁ—mﬂ. (1.11)
In this case the world sheet coordinates 7 and o in ([[.1() can be rescaled by x and since
k — oo we can then replace the R x S! string world sheet by the R x R one, i.e. i.e. the
summation over the spatial momentum modes can be replaced by an integral [[[0], [[§]. As
a result, the dependence on « in the effective action will factorize.”

We shall assume that the analytic continuation in the parameter m makes sense beyond
the 1-loop level. We shall not try to justify the relation between the quantum corrections
to the two backgrounds ([.5) and ([.§) or ([.10) step by step; instead, we will compute the
partition function or the 2d energy near ([.10) in the formal limit " — 0 as a function of

(in general, complex) argument m and at the very end set m = —ix where kK — co. We

9The argument about factorization of x dependence is strictly true only if all divergences cancel out. If,
e.g., IR divergences survive one could get non-analytic x2In s contributions. We expect them to cancel in
the final result. In particular, the analytic continuation in the winding m eliminates the tachyonic instability
of the circular solution making the 2d momentum integrals better defined in the IR.



shall expect that the final result gives us, as it happened at the tree and the 1-loop level,
the information about the 2-loop correction to the energy of the folded string solution.!?
Another technical remark is that instead of directly computing the quantum correction
to the energy of our soliton solution using operator methods we shall compute the value of
the quantum effective 1-PI action evaluated on the classical solution.!! As a preparation
for the 2-loop computation we are interested in, let us explain how one can get the same
1-loop correction as in [, [[§] by starting with the 1-loop effective action I'y = —InZ;
instead of the usual expression for 1-loop energy correction in terms of the sum over the

characteristic frequencies >, wy,.*?

1.2 One-loop approximation

Let us first recall the expression for the leading term in the 1-loop correction to the energy
of the folded string found in the scaling limit ([.§) with v =0 (x — 1 1n S) [, [[5):'*

_ 1 (L) _ 2 _1 /=
E = —FEy, E;] = mk%ay, ay = — dp w(p), (1.12)
K ™ Jo

wp) = VPR +4+5VpP + 22 +2—-8Vp2 + 1. (1.13)

Here w(p) contains the contributions of 8 bosonic and 8 fermionic fluctuation modes. The
14

integral over p gives

3In2
= — . 1.14
aq - ( )

We get the same result if we consider instead the expression for the Euclidean partition
function and define Fy,; as the effective action I' divided over the 2-d time interval, i.e. at

one loop
d2
I''=-Inz = Vz/# Z1(¢%), (1.15)
1
Zi1(¢?) = 5 [m(q? +4)+5In¢* +2In(¢> +2) —8In(¢g®> +1)| . (1.16)

10T his belief is based on the intuition that the string energy has a meaning when considered as a function
of the complex values of its parameters, i.e. that different analytic continuations in parameters give values
of the energy for different physical configurations. In short, having two classical solutions related by an
analytic continuation in coordinates and parameters we shall assume that this relation holds also at the
quantum level. We cannot of course consider the rotating solution as physical in the limit ([l.11]) (e.g., its
energy is not defined if ' = 0) but we shall assume that this limit of its energy defined for complex ' and
m has a meaning of the energy of the folded solution.

HNote that quantum corrections should not change the form of the classical solution due to its homo-
geneous nature. This case is similar to the case of a constant abelian gauge strength background in gauge
theory.

12The two expressions are of course related in general by integrating out over po component of the 2d
momentum with the ie prescription, but here in the absence of the UV divergences even a formal Euclidean
continuation and direct integration over po is enough to obtain the required result.

13Since t = kT, the space-time energy is related [E] to the 2d energy by E = %Egd; in the limit K — oo
the 2d energy FEs4 scales as k2.

MFor the reasons mentioned above, this integral happens to be essentially the same as in the case of the
1-loop correction to the energy of the circular J; = J2 string solution in SU(2) sector [ﬂ, @] considered
in [@] and in appendix C of [@]



Here Vo = LT is the 2-d volume which factorises since our background is homogeneous:
the fluctuation Lagrangian has constant coefficients and is thus translationally invariant.
We assumed that the original coordinates 7 and o were rescaled by  (this decompactifies
the spatial direction in the limit x — o), so that

L =27k, T =kT, Vo = LT = 2nk°T, (1.17)
and thus
BN — 771, B, =TT = 27m/ &g Z1(¢%) . (1.18)
2d ’ (271-)2

The integral over the 2d momentum is defined using the Euclidean continuation, i.e. ¢> =
qg + ¢2. Introducing the polar momentum space coordinates d2q = qdqd¢ and integrating
over ¢ we end up with

1 o0
Eéil) = 5/12/0 dv Z1(v), v=q°. (1.19)

This leads to the same expression for a1 in Eé? = mr2ay as in ([L12), ([14).

1.3 Structure of the paper

Below we shall assume that a procedure of finding the quantum correction to the energy
similar to the one described above at the 1-loop order should apply also at the 2-loop order
and will therefore concentrate on the computation of the 2-loop correction to the 1-PI 2d
effective action in the background ([.10) in the limit ([L.1T]).

This is a technically involved computation. One issue is the large number of fields (10
bosonic and 32 fermionic) implying a large number of 2-loop Feynman graphs with non-
diagonal propagators. Another is the presence of gauge symmetries — 2d diffeomorphisms
(which we will fix by the conformal gauge) and the fermionic k-symmetry. The preservation
of the latter is expected to be quite subtle at higher loop orders. The complicated structure
of the GS action makes the verification of cancellation of UV divergences (power-like, In? A
and In A ones) non-trivial at the 2-loop order.!?

We shall start in section 2 with determining the contribution of the 2-loop graphs
containing the bosonic fluctuations. Section 2.1 will review some general facts about 2-loop
renormalization of generic bosonic 2d sigma model in dimensional regularization, pointing
out in particular that for symmetric spaces like AdSs x S® the corresponding effective action
does not contain In? A ~ E% UV divergences. In section 2.2 we shall present the form of
the bosonic part of the AdSs x S° action expanded to quartic order near the background
(L.10), (L.11) and in section 2.3 will collect the expressions for the corresponding 2-loop

15 A crucial issue is that of an invariant UV regularization. Since the AdSs X S° action contains the
WZ-type term with ¢*? tensor there are many analogies with 2-loop computations in bosonic sigma models
with By, coupling (see, e.g., [@, @, @]) Other technical issues discussed below are cancellation of IR
divergences (which would be automatically absent in the static gauge but formally may remain in the
conformal gauge since some of the modes are massless) and the lack of manifest 2d Lorentz invariance
(“spontaneously” broken beyond quadratic order by our choice of the background).



momentum integrals. The explicit results for the integrals will be presented in section 2.4.
In addition to the standard 2-loop logarithmic divergence (that should be cancelled by the
fermions) we shall find that the non-trivial finite part of the bosonic contribution to the
2-loop coefficient as in ([L.9) is given by a linear combination of the two transcendental
constants — the Catalan’s constant K and a similar combination K of particular values
of the trigamma function. The bosonic contribution (2.53) happens to be a factor of 1.42
different from the value of B3] in ([[.3).

In section 3 we shall summarize the results of the computation of the 2-loop graphs
involving the fermionic variables of the AdSs x S° action of [[I] (the action is reviewed in
appendix A). We first consider the “covariant” k-symmetry gauge ' = k62 where k is
a real number. The relevant quartic part of the superstring action is given explicitly in
appendix B. As we explain in appendix C, using a similar £ = 1 gauge in the flat-space GS
action one finds that the corresponding 2-loop graphs vanish in dimensional regularization,
i.e. the 2-loop term in the flat-space partition function vanishes, in agreement with its
triviality in the light-cone gauge.

Computing the corresponding 2-loop graphs resulting from vertices in the AdSsxS° ac-
tion (using a Mathematica-based program to evaluate several hundred Feynman diagrams)
we found that their contribution to the effective action contains In> A UV divergences.
Since these were absent in the bosonic contribution, this contradicts the expected finite-
ness of the AdSs x S® string. Moreover, the coefficients of both the divergent and the finite
2-loop part happen to depend on the gauge-fixing parameter k. This should not happen
in an expansion near a classical solution and suggests a potential problem in our method
of computation which we are unable to resolve at the moment.

For that reason we also redo the computation in a different x-symmetry gauge I' 4 67 = 0
which is a direct analog of the usual light-cone gauge in flat space. The AdS5 x S° action in
that gauge is presented in appendix D. There we show also that expanding the AdSs x S°
action near a null geodesic that wraps big circle of S® and computing the resulting 2-loop
correction using I';.#’ = 0 gauge one finds that it vanishes, in agreement with the BPS
nature of the BMN vacuum state. Expanding near our background ([[.1(), ([[.11]) using
the light-cone k-symmetry gauge we find again that the 2-loop In? A divergences do not
cancel. 16

An indication of consistency of our computation is that the non-trivial finite part of
the 2-loop effective action is found to be the same in the '/ = 0 and in the §' = 62
(i.e. k = 1) gauges. This finite part is proportional to the Catalan’s constant. Thus, while
we are currently unable to verify the 2-loop finiteness of the AdSs x S° string action, an
unambiguous conclusion of our work appears to be that the fermionic contribution to the
2-loop coeflicient as should be proportional to the transcendental Catalan’s constant. We
comment on the specific value of as that follows from our light-cone gauge computation at

161t is hard to attribute this lack of cancellation to a problem with the quartic fermion terms in the classical
AdSs x S% action as given in appendix A. Indeed, these terms provide the four-fermion entries of the tree-
level scattering matrix which have been tested in [@, @] Moreover, these terms contribute nontrivially in
the near BMN expansion, leading, as discussed in appendix D.1, to the expected cancellation of the 2-loop
correction to string world-sheet partition function in the expansion near a null geodesic.



the end of section 3 and present some concluding remarks in section 4.
Some details of computation of 2-loop momentum integrals are discussed in appendix E.

2. Bosonic contribution to the 2-loop effective action

The bosonic part of the AdSs x S superstring action in the conformal gauge is simply the
direct sum of the standard 2d sigma models on AdSs and S°. The corresponding quantum
theories are decoupled before fermions are switched on. Here we shall consider the 2-loop
contributions of the bosonic fluctuations near the string background ([.10), (L.17).

2.1 General remarks on bosonic sigma model

The 2d sigma model action is (here we assume a Euclidean world-sheet signature)

I = 1
4o

/d2a Guv(x) 0% Oux”, (2.1)

where in the case of our interest G, is the metric of AdSs x 5% with radius a, V= Z—%
If we use an explicit UV cutoff A — oo, the non-trivial power divergences in the partition
function or in the effective action (computed by expanding near a solution of the classical

equations of motion) should be cancelled by the covariant measure contribution in Z =

[T1, dz(0)\/G(x(0)) e~ 7] i.e. by the contribution of the counterterm
Al = —% /d20 TrinG(z) 6@ (0,0), 6 (0,0) = %AZ (2.2)
T

added to the bare action.!”

If we use covariance-preserving dimensional regularization all power divergences will be
absent automatically, i.e. the only potential divergences at the 2-loop level will be % ~InA
and }2 ~ In? A ones. As at the 1-loop level (T16), the logarithmic divergences are expected
to cancel at the end between the bosonic and fermionic contributions.

At the same time, it is easy to see that In? A divergences should cancel separately for
bosons (and thus also separately for the fermions). This follows from the basic renormal-
ization properties of the sigma model in the case of the target-space metric corresponding
to the Einstein space R,, = kG,. Indeed, let us recall few basic facts about 2d sigma
model renormalization in dimensional regularization (see, e.g., [f-[9]). Using subscript
0 to denote bare quantities and p for the renormalization scale we have for the partition

function'®

0z 0z
Zo(Go,€) = Z(G, ), M@*’ﬁ'@ =0. (2.3)

7This covariant measure factor may be understood as appearing from a 1-st order “phase-space” for-
mulation upon integration over the momenta. More generally (in the bosonic sigma model context), the
quadratic divergences may be absorbed into renormalization of the dimension 0 “tachyon” coupling, so in
the bosonic string context the choice of the measure is like a choice of a bare value of the tachyon field (see,
e.g., @])

18Since we will be expanding near a classical solution, we will not need to worry about field renormal-
ization; the parameters of our background cannot get renormalized. As was already mentioned above, for
a homogeneous solution there is also no reason to expect any change in the form of the background due to
quantum corrections to the effective action.



Here d = 2 — 2, %NlnA—>ooand

Go = 2 [G + %Tl(G) + 6iQTQ(G) +. ] , (2.4)

so that from jIGO =0 we get
ﬁ:%:QEG—i—ﬁ, ﬁzQ(l—G-%)Th (2.5)
(- 2)n-(1-a-2)nLn. 20

To the 2-loop order

(T1) = lo/RW + la’QmeRfﬁ“’ 4+ (2.7)
(1) = 1—160/2 (D*Do Ry — D*DyRyyo — D*DyRyo + DDy R), (2.8)
B = o' Ry + %0/2Jl:wm}::;%ﬁ7 + (2.9)

In the case when the metric is the direct product of the AdSs and S° parts the Ricci
tensor is covariantly constant so that for each factor T = 0, i.e. there are no %2 ~ In? A
divergences.!?

For the SV sigma model (with radius a playing the role of the running coupling con-

stant) we have R, a5, = -5 (GuﬁGa’Y GyGap), Ru = (A;;l)GW so that

(T = ]\;—J; [1 + % + O(ﬁ)}@w : VA= § . (2.10)

The corresponding 2-loop beta-function is of course the same as for the O(N + 1) sigma
model [B0, B, i.e. (for o/ = 1) we get 3 = dlnu = (N —=1)(1+ %) +---. For AdSy one
needs to invert the sign of the first term (a* — —a?).

2

The coefficients of the logarithmic divergences in the sigma model effective action
computed in a particular background should be consistent with these general results. The
divergent part of the effective action should be cancelled by the cutoff dependent terms in
the bare sigma model action. Evaluated on the background ([.1() the latter is given by
(for the S® part of the bosonic action, N = 5)

VA 2( 2 1 > 2
Iy = — p 1+ + + - /dT/ do (m? — w?
0 47_(_/”' \/XE ( 2 0 ( )

2 26<\f+ +\Fe )/dT’ (2.11)

where we used that in the scaling limit m? — —w? = k% we get m? — w

2 2 20

— —2K”.

9The cancellation of In?-divergences implies also the cancellation of In-divergences with transcendental
coefficients like In 2 or Euler constant .

20The 1-loop coefficient here agrees with the UV divergent term coming from the bosonic part of the
1-loop effective action () Note that 3[Indet(—0% + M?)]o = £ VoM ln% =
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2.2 AdS5 x S° sigma model fluctuation action

As a preparation for the 2-loop computation of the effective action let us now consider the
AdSs5 x S® bosonic action in conformal gauge expanded near the background ([L.10), ([L.11)
to quartic order in fluctuation fields.

We shall adopt the following parametrization of the AdSs and S° parts of the metric

ds® = (ds®) ags, + (ds?)s, , (2.12)
14+ 122\? dzFdz,
ds> = — 4 d? + ——2 k=1,23,4, 2.13
(@thaas, = (151 ) G (2,13
dz? + dy? — (zvdy — ydzx)?
(dg2)55 = 1_x2—y2 —|—(1—x2_y2)><
x (dy? + cos® 1 de3 + sin® 1 d¢3) . (2.14)

The somewhat unusual form of the S® metric is chosen so that to have a regular expansion
near the S® solution ([.1().2! As discussed in section 1.1 above, we will be interested in the
special case of the formal analytic continuation ([.9) of this solution with the parameters

given by ([L.I11), i.e.

t=0, 2z =0, z =0, y=20,
T
P = T ¢po = K(T —0), ¢3 = k(T +0), (2.15)
Expanding the bosonic part of the string action to quartic order in fluctuations near this
background
- 5 5 _ T ~
t:t7 2k = %k, r=x, y=1y, w:Z—i_wv
Pg = (T—’L'O')—i—gﬁg—@g, 3:I£(T—|—’L'O')+g52+g53, (216)

we get for the quadratic, cubic and quartic terms in the bosonic action

27 2T
IB:/dT/ do Lp=—V\ K2 /dT+/dT/ do (Lo+ L3+ Ly+--+), (2.17)
\/_

Ly =35 [ (Oad)? + (0071)? + (D)2 + (9ad)? + 2622 + 2625
+ (0at)? + (9ap2)’ + (9aps)” + 41 (D, B3 + 104 52) ], (2.18)
Ly = —Z—WX [ 2 (72 + §2) (0,2 + 100 Bs) — A Do B0 B3 } , (2.19)
Ly = %[ 3(3)2 (—=2(0aD)? + (0an)?)
= 6(&+ 5) ((Da2)? + (029)? + () + 45 (9,5 + 0, 2))
+ 6 (3008 + §0a7)? — 16K 93 79034—1(30@2)} : (2.20)

21The standard metric (ds?)s, = df? + cos® 0 dp? + sin? 0 (dip* + cos® o dé3 + sin® ¢ d¢3) is related to
the above one by the following coordinate transformation: x = cosf cos¢1, x = cos@sin ¢;.
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Let us now make a few remarks.

Since the background values in (R.15), (R.16) depend on « only in combination with
world-sheet coordinates, we can factorize the x-dependence in the Lagrangian (£ — x2L)
by making the rescaling

KT — T, KO — O .

This rescaling gives an equivalent theory assuming that scale invariance survives at the
quantum level; this is not the case in the pure bosonic theory but should be so once
fermions are added.

After the rescaling by x (and assuming the cutoff dependence cancels out at the end)
the string action on R, x (S!), will depend on s through the upper limit of integration
27k over rescaled o. In the limit Kk — oo we are interested in we can then decompactify
the spatial world-sheet dimension and thus use momentum representation with continuous
spatial components.

The 1-loop correction to the effective action that follows from (PR.1§) can be easily
seen to be in agreement with the bosonic part of ([[.15), ([.L1d). The quadratic part of the
fluctuation action (R.1§) can be diagonalized by a (non-local) “rotation” of the three S3
fields (see [R7]). This will bring in one massive and two massless modes in the (1, @, @3)
sector. The resulting quadratic fluctuation part of the superstring action will have the form
of 2d Lorentz invariant collection of massive bosonic and fermionic fields, but higher-order
terms in fluctuations will no longer have 2d Lorentz invariance (which is “spontaneously
broken” by our choice of the background). Expressed in terms of the “rotated” fields the
interaction terms will have non-local form. For that reason here we choose not to perform
this diagonalization explicitly and use non-diagonal propagator instead.

As was already mentioned, in conformal gauge the bosonic contributions of AdS5 and
S® parts factorize. If we formally set x = 0 in (R.1§), (2.19), (B.20), i.e. consider the case

of trivial background in all directions, then the AdSs and S® contributions to the partition

function will become similar.??

In the action (R.17) we assumed the Minkowski world-sheet signature (—, +); the action
is not real because of our choice of the imaginary value of the winding parameter m. The
Euclidean action obtained by continuing 7 — 47 is also not real but the imaginary parts
are linear in k and derivatives, so the partition function and the effective action will be
real. We shall continue to Euclidean signature at the level of momentum-space integrals.

2.3 Structure of 2-loop quantum corrections

The 2-loop contributions to the effective action in a theory like (R.17) with three-point
and four-point vertices is given by the Feynman diagrams of the two topologies shown in
figure [ In general, the lines in these diagrams may be either bosons or fermions. The
2-loop 1-PI effective action is then given by

I' = VQF, r= fl + fg +--, f2 = fcubic + fquaurtic + 5fmeasure . (2-21)

22The fact that in the AdSs part we have only quartic interaction while in the S° part we also have a
cubic one is an artifact of a particular parametrization and the choice of the expansion point used.

- 12 —



{' o] o]
=~ . =

@ (b)
Figure 1: Two-loop contributions (momentum conservation ¢; + ¢; + qx = 0 is assumed).
Here V3 is the volume factor as in ([L.15) (our background is homogeneous), i.e. I' stands

for the effective Lagrangian. 6T measure iS the contribution coming from the measure coun-
terterm (B.2) expanded to quadratic order in fluctuations, i.e. (after Wick rotation)

1 ~ ~ d%q;
0L = —=[382 — 2% — 2P — 4)° + O 3]/7] 2.22
2[ z T Yy 1/} + (¢ ) (27T)d,ud—2 ) ( )
where [ (2733% is the (correctly normalized) integral representation of (2 (0). The in-

sertion of this counterterm into a 1-loop diagram will cancel all quadratic divergences in
the 2-loop effective action. We will be using the dimensional regularization with u as a
renormalization scale and d = 2 — 2¢ since this is an invariant regularization preserving the
symmetries of the sigma model. Power divergences can be ignored in dimensional regular-
ization but it is sometimes useful to track their cancellation against the measure as a check
of combinatorial factors.

To compute the 2-loop diagrams we need to work out the propagator. The quadratic
terms in (P.I§) contain off-diagonal mixings which can be readily diagonalized as in [27].
However, we found it more convenient to keep the propagator off-diagonal. Ordering the

fluctuation fields as follows

O; = {t; (%1, %, 73, 24); (£, 9); (0, P2, P3)} (2.23)
one finds from (2.1§)
-L 0 0 0 0 0
q
0 q% 1, © 0 0 0
1
o 0 0 P 1, 0 0 0
AL q) = — e 1 2¢g —2ig 2.24
( ) \/X 0 0 0 214 q2(q21+4) q2(q2+04) ( )
2 (¢?)*—4¢2 21 qoq1
0 0 0 _ q1 0 409
?(a®+4) (¢%)2(¢*+4) (q2222(q2+‘21)
0 0 0 2i qo 2i goq1 (g9)?+4q7

?(@?+4)  (¢%)*(®+4) (¢%)*(k*+4)
Here g, = (qo,q1) is 2-momentum. We have rescaled the coordinates by x (with kK — 00)

and will assume that momenta take continuous values. Continuation to Euclidean signature

is done by go — —iqg. This eliminates i-factors from the propagator. The 1-loop effective

action is then I'y = 3TrIn A and agrees with ([.15), (L16).%

ZWe may formally ignore the “ghost” nature of the # fluctuation and then the 1-loop contribution of
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Defining the cubic vertex as Viji(qi,qj,qx) = 95,08, 955 i.e. writing the (Eu-

|<I>=0’
clidean) fluctuation Lagrangian corresponding to (2.17) as

1 1 1
L= §(I>2A2j(bj + ?W]k(bZ@j@k + E‘/l]kl(bzq)jq)kq)l + -, (225)
we can compute the contribution of the graphs with topology (a) in figure [] as

T dd(hddq] —1A—1
Ceubic = CB/W Viji Vi A Ajj/Akk/

4 ddqi dd q;

N W(Zl + Iy + I3+ Iy) (2.26)

where?4
1

C3:—E

is the combinatorial factor of the diagram and we have solved the vertex momentum conser-
vation constraint by setting ¢, = —(¢; +¢;). We assume that continuation to d dimensions
is done at the level of the momentum integrals, and p-factors are introduced to balance
the dimensions. The overall factor of x? is included in the volume V; in (R.21]) as in
E15), ([LI9).

There are many equivalent expressions for the integrands 7, Zo, Z3 and Zy; the one
which exposes both the UV and IR convergence properties of the loop integrals is:?

he 3%’ (2.27)
@ +4
2 4 4 14 + 8
I, =3 [_qfq]? i 2+4) (F+2)(@+2) (¢ +4)(q§+4) : (2.28)
I3 =3 [qZ?Sq]z - (7 + 2;?(]]2- +2)  (@2+ 4)8(qu n 4)] " i 1 (2.29)
InN =3 [(%1%‘0 + qz'oqjl)Q(qzz)g(qzz _?_(Zij(;z;]g(;qu?;(qi T 4)
— (g0 — a)? @22+ 4)(1;; @12 (2.30)

( ! o (@7 = (¢ - a?)’]
— (40950 — 9i1951)\qi09k0 — 4i19k1
A AR T (220 + 0 + e laE + )

two massless “longitudinal” modes is cancelled by the conformal gauge ghost contribution to the partition
function. The “ghost” sign of the time direction is irrelevant also for the higher-loop corrections: since
time direction enters the action only quadratically, it can be integrated out once and for all (e.g., with
t — it prescription to make Euclidean path integral convergent) and that does not lead to any sign changes
compared to the case when t would have “physical” sign.

*Here we assume Euclidean continuation, i.e. e = Jd®)] e S, 5= J d*o L.

ZHere ¢; and ¢; denote two momenta without any summation over 4, j and qr = — (g + ¢;).
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In (2.29) d = 2 — 2¢.26 We also continued to Euclidian space by replacing gjo — —iq;jo, SO
that in the above expressions qJQ- = qJQ-O + qj2-1.

71 and Zy give rise to UV-divergent integrals; the integral of Z; contains power-like
divergences and the integral of Zo — logarithmic divergences. The first two terms in 7o
and the first term in Z3 give rise to IR-divergent integrals. In addition to the dimensional
regularization for the UV divergences we shall introduce a small mass parameter mg to
regularize the IR divergences.?”

The subscript NV on Zy is used to indicate that this integrand does not look 2d Lorentz
invariant. However, the integral of Zy (which is UV and IR finite) can be expressed in
terms of Lorentz-invariant integrals. While the original sigma model action (the string

action in conformal gauge) is 2d Lorentz-invariant, this symmetry is spontaneously broken
by a choice of the background in (R.15), (R.16), i.e. (cf. (R.14))

cos pdgy = Nado®,  sinepdgs = Ndo®, — Np = %(1, —i), N*= %(1,2').
The 2-loop effective action then depends on the background through the mass terms (pro-
portional to NYN® = —x2, etc.) and also through the explicit factors of N, and N in
the denominators of momentum integrals. Indeed, Zy in (2.30) is proportional to 4 factors

(2.31)

of these vectors. Since the rest of the momentum integrands are Lorentz-covariant, they
can be reduced to products of contractions between N, and N} factors and scalar Lorentz-
invariant momentum integrals. We shall illustrate how that happens below. As a result,
the corresponding term in I's will contain 4 factors of first derivatives of the background
fields, i.e. will be proportional to 0%®20,$20° ¢$30p¢3 + - - - with coefficients that are given
by Lorentz-invariant momentum integrals.?®

Similarly, for the contribution of the quartic vertex in (.28) Vjju = Wm ‘ B0
i j =

to the diagram (b) in figure fi] we find
) iy L dm [ digdiy,
Lquartic = €4 /W Vi Ayl = e —= 5y W (N +J2), (2.32)
where
CL = l
T8

is the combinatorial factor. Despite the relatively complicated-looking quartic La-
grangian (2.20) the integrands J; and J, are very simple:

24 8
A ) (2.33)

8 32

BT @+2)(2+2) (@+H(@+4) (2.34)

26The factor é in (R.2§) came from a reduction of a tensor integral to a scalar integral due to sym-

. . ddg;dd dlq;d%q; a?q? 4P
metric 1ntegrat10n' J i qf (ai-9;)* 0 = d 1f 4i€ 4; i J

@n™ (@+0( G ey 0 seneral, [ kL =
1 a/3 2
f (2Tr)d 2+4)"'
27VVe will not use regulators in finite integrals.
28Let us note that the use of dimensional regularization in a situation with Lorentz invariance sponta-
neously broken by either the background or by gauge choice is not uncommon (cf., e.g., discussions of YM

theory in lightcone gauge [@])
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Both 71 and Js lead to UV-divergent integrals — power-like and logarithmic, respectively.
The contribution of the measure counterterm (R.29) is

6T _ A dszdd(IJ 3 1 1
measure — \/— (27.[.)2d72d4 ? - q2 +9 - q2 T4 .
7 2 ?

(2.35)

It is not hard to check that it cancels all power-like divergences in the 2-loop integrals in
(.26) and (£.33). In particular, it cancels the contribution of the [J; integral in (2.33).
Let us note that if we formally consider the theory (R.17) defined on R x R and set
x = 0 then the corresponding 2-loop effective action will be given by (B.21) with (2.24)
containing only “massless” limit % of Z; in (.27) and with (R.33) containing only the
“massless” limit 1§ of J1 in ().ZTheir sum is then cancelled by the “massless” limit of
the measure contribution (R-34) (with the integrand %) Thus I'y(k — 0) — 0.

2.4 Evaluation of 2-loop momentum integrals

Combining the above 2-loop contributions we get for (.21)

FQ = fcubic + I_\quartic + 5fmeasure
4 ddq,ddq]

- = @Eﬂjﬂﬁ<—%b+é@>—%@HJM}. (2.36)

Here the contribution of the first parenthesis contains all UV divergences. It turns out that
the contributions of states with mass-squared equal to 2 cancel between the topologies (a)
and (b). Then we get (d = 2 — 2¢)

¢ 1 1/1 1 1 1
niln- i1 ( —)(———). (2.37)
12 1—e(qf +4)(¢ +4) @ @+4)\d ¢ +4

The contribution of the second term in (2.37) is UV-finite but IR-divergent. As was men-
tioned above, we shall regularize this IR divergence by introducing a small mass mg. Using
the standard integral

o [ d 1 _ 1 il iy
I(M%) = " / (2m)? % + M? ~ (4m)4/2 (2 — €) sin(me) <W>

i{%+1— +m4ﬂ2+0(ﬂ (2.38)

~ 4r M2

we then find??

2
mg

_ 1 1 1 4 &2 q;d?
T = 43— 2y+2ln(rpd) + ?ﬁc—ﬂ— i % 45

27 L 12V3J  (@2n)

Here v = —W(1) = 0.5772. .. is the Euler constant. Let us also recall that we have rescaled the world-
sheet variables by k. If we did not do this but still formally decompactified the spatial direction of the

world sheet we would get the first term here as

2 2 2
= K 1 T 1 mo
r 2 2In— 4+ -1In finit
° 4N L€ e n’f +2 (4 2)}+ e
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As expected for a symmetric-space sigma model, the double-pole }2 UV divergences can-
celled out (cf. (B.§), (R.11])). The effective action is found by multiplication of this expression

by Vo = 2wk?T as in ([[.17).
Next, let us compute the integral of Z3 in (2.29), (R.36), writing it as

dz(]zdz%
I3 = W(I3l+132+f33)——731+I32+I33 (2.40)
The integral of the first term
d?q;d%q; 24
I31 = / J (2.41)
@2m* ¢ (g +qj)* +4)

with two massless propagators is IR divergent and we need to regularize it by mg — 0.
This leads to an integral which is a special case of the following integral with 3 massive

propagators with at least two equal masses®’

d?q;d%q; 1
I(M, M") = i% 9
b / (2m)% (¢ + M?)(q? + M™)[(qi + q;)> + M)

The calculation of this integral is standard: we Feynman-parametrize the propagators with

(2.42)

equal masses and do the integral over g; with the result:

/ dQQz 1
1M, ) 47r/ s | G E TR E (243)

There is no need of Feynman parametrization for the second momentum integral; comput-

ing it directly leads to

I(M,M') =

1 /1 o In % + Infz(1 — )] _ (2.44)

(47)? (1l —x)M? — M’
For generic values of M and M’ the remaining integral leads to a hypergeometric function.
However, (R.41) corresponds to M = 2, M’ = mg — 0. Expanding (R.44) in M’ = mg — 0
we get for (R.41])

6 [13 mé
(I3,1)mo—0 = e [ 7 7% + In? (T‘))} : (2.45)
Multiplying this by the —ﬁ4\/—71 factor in (R.39) we conclude that the IR divergence from

I3, cancels the one in (£:39), so that the bosonic part of the effective action is IR finite.3!
For the second term Z3 5 we need (R.49) with M? = 4 and M'? = 2, with (.44) then

giving

I30 = / dQQid2Qj 48
’ @2t (@ + 9@ +2) (@ +¢)?+2)
24 (1 In[2z(1 — 2)] 48
= — d = K. 2.46
(471')2/0 Tl —x) -1 (4n)? (2.46)
30We may solve the momentum conservation condition as qx = —(g; + ¢;) or as ¢; = —(qx + ¢;); the final

result is the same.
31This is of course what one should have expected since we are computing a physical quantity: the value
of the (global symmetry invariant) effective action on a classical solution, cf. [F3, @]
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Here K is the Catalan’s constant,

- (_1)k 1 ! 1 / 3
KEE — = |V =) =T = =0.91 2.4
— (2k +1)2 16 4 4 0.915966 ’ (2.47)
where

2

V' (2) =91(2) = % InT'(2) (2.48)

is the trigamma function.?? For the third term in Z3 in (2:29), (B-3§) we need (R.49) with
M? = M" = 4 so that

d?q;d?q; 8
1373 _ _/ qia~ gy

@m)* (af +4) (¢} + (i + 3)* +4)

2 U Infz(1 — )] 8
T (42 /0 d%(l —2) -1 (47r)2K’ (249)

K % {m’(%) +\I/’<%> - @’(%) - @’(2)} = 0.585976... . (2.50)

Let us note also an alternative representation for K similar to the one for K in (P-47) which
33

where

follows from the series representation for W’(z)

ORI N G VR o S GO
Kzi[kz:o(?,kﬂ)? +Z(3k+2)2] ' (2:51)

k=0

The calculation of the integral of Zy in (R.30) is described in appendix E.
Combining the expressions (R.45), (.44), (B.49) and (E.1J) we finally find for the
bosonic contribution (R-39) to the 2-loop effective Lagrangian?

Do = 4;& ( E +3 -2+ 2ln(7r,u2)] - <2K + §K>> . (2.52)

The fermionic contribution is expected to cancel the divergent part and the associated

finite terms, i.e. the first bracket in (R.53). The non-trivial finite bosonic contribution to
. . . . A1{r.
the 2-loop string coefficient as of In S in ([[.1]), (L.3) should then be proportional to 2K+3K:

it is found as in (.I7), (L.I§) by multiplying (P-59) by 27k =~ 2In S. This gives

1 2~
asp = —— <K + —K> ~ —0.41591 . (2.53)
T 3
This should be supplemented by the corresponding contribution of the 2-loop graphs with

the fermions.

321t admits the following series representation v; (z) = >o m and also satisfies a reflection formula
Y1(1 — 2) +11(2) = m° esc®(wz). Note also that ¢ (1) = 7% + 8K.

33We thank M. Staudacher for mentioning this representation to us and for emphasizing that K and K
have the same “transcendentality” (cf. @])

34The rational term in the finite part of ) cancelled out between I3 and Iy.
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3. Fermionic contribution to the 2-loop effective action

Let us now turn to the contribution to the 2-loop effective action coming from diagrams
containing fermionic propagators. The relevant terms in the AdSs x S° Lagrangian ex-
panded near the background (R.15) can be symbolically written as

1

Here @ stands for the bosonic fluctuation fields (.23) and K, M,,, Y}, are combinations of
Dirac matrices, numerical tensors and world sheet derivatives of the form A+ B“0,. Their
explicit form follows directly from the relations given in appendix A but are rather lengthy
so we will not give it explicitly here.

As was already mentioned in the Introduction, because the fermionic kinetic term is
only linear in derivative while the interaction vertices contain up to two derivatives, the GS
string theory is formally of non-renormalizable type; this will manifest itself in the presence
of higher power divergences.

Assuming the theory is actually finite, all of power divergences are expected to be
cancelled by the contributions of the path integral measure and k-symmetry ghosts (see
appendix C for a discussion of this in the flat space case). Alternatively, one may choose
to use dimensional regularization in which all power divergences are automatically set to
zero. Then the remaining In% A ~ %2 divergences should cancel separately in the fermionic
sector while the InA ~ % contributions should cancel against the bosonic divergence in
(-52).

There are several potential ambiguities in how one deals with divergent integrals.
Since the GS action contains a WZ type term with €*? tensor, this creates a potential
problem with direct application of dimensional regularization.?® We shall assume that
the dimensional regularization is applied only to scalar integrals at the last stage (after
all power-divergent parts of the momentum integrands are separated), i.e. that all tensor
algebra is done in d = 2; in particular, we shall assume that €*” is not continued away
from d = 2.36

Our assumption will be that such a restricted dimensional regularization prescription
is consistent with the basic k-symmetry of the theory at the quantum level. This is by no
means obvious and a problem with sk-symmetry gauge dependence of the 2-loop result that
we will encounter below appears to be an indication of a problem with this prescription.37

One natural choice of the k-symmetry gauge (used at the one loop order in [f, [[0])
is 91 = 6. This gauge is possible in type IIB string action where both Majorana-Weyl

35Let us note also that the parameters of the k-symmetry transformations are 2d self-dual vectors.

36This is somewhat different from the case of the bosonic sigma model with an antisymmetric tensor
coupling [@, @] where one could assume that e*?¢? = f(d)(n*7n?° —n*°n®7) where f(d) = 1+a(d—2)+-- -,
and then show that a regularization scheme ambiguity related to the choice of the coefficient a can be
absorbed into a redefinition of the sigma model coupling parameters.

37The standard proof of gauge-independence of on-shell effective action assumes that gauge symmetry in
question is preserved at the quantum level, i.e. implicitly assumes the existence of an invariant regularization
(but the power counting renormalizability of the theory is of course not required).
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fermions in the GS action have the same chirality. One of its advantages is preservation
of global bosonic symmetries of the action. More generally, we may consider the gauge
6! = kO? where k is a real parameter (see appendix B). Cancellation of k-dependence
in the resulting effective action, i.e. its gauge-choice independence, would be a check of
consistency of our computation procedure (in particular, of the regularization we use).
Let us first comment on the structure of the fermionic 2-loop contributions in the
simpler case of k = 1 gauge. The quadratic part of the gauge-fixed action follows from

([B.3), (B.4) and is given by
_ _ 1
Ly = V260 [Ts(8y — i0;) — To(0y + i0;)] 0 + 2ik>0T,TsTof = 5evTKev . (3.2)

This leads to the propagator (where we again rescaled the momentum by &)

1
4V2(¢* + 1)

As a result, all fermionic modes have mass equal to 1, while the bosonic modes in (2.24)

K '(q) = [F8(QO +iq1) + To(qo —iq1) — i\/if*Fgfg] C. (3.3)

had masses equal to 0, v/2 and 2 (cf. the corresponding 1-loop expression in ([L.16)).
There are 3 different types of 2-loop diagrams involving the fermions (see (B.T))):

(i) diagram in figure 1 (a) with two fermionic and one bosonic propagators (we shall call
it “FFB” since it originates from the Yukawa interaction in (B.1)));

(ii) diagram in figure 1 (b) with one bosonic and one fermionic propagators (originating
from the “FFBB” interaction);

(iii) diagram in figure 1 (b) with two fermionic propagators (coming from “FFFE” vertex).

The most non-trivial contribution with the integrand containing two fermionic and
one bosonic propagator may come only from the FFB diagram. Thus on general grounds
we may expect that the finite part of the fermionic contribution which should supplement

the finite bosonic contributions in (R.4() and (2.49) should be given by a combination of

two possible finite integrals of the general form (R.49):38

d?q;d%q; 1 1
R R @ @ rgrTd s (34
o d2qid2q]‘ 1 _1n_2
AR R @ D@ T Dt g+ d &t (3:5)

where in computing the integrals we used (R.44) and K is again the Catalan’s constant as
in €29,

It turns out that only I(v/2,1) in (B.4) appears as a result of the actual computation
of the FFB graph. This leads to the conclusion that the finite fermionic contribution can

38 . . . _ quid2q~ 1 . . =
The third possible integral 1(0,1) = [ COER @ D) IR divergent (cf. (R.49)) and does

not give a non-trivial transcendental contribution to the finite part. It does not actually appear in the

result of the computation.
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alter the coefficient of the G-term in (R.59), (B.5J). Assuming all other possible finite

contributions like In 2 which accompany logarithmic divergences should cancel out, we are
then led to the following prototype of the final answer for the coefficient as in ([.2) (cf.

.52, (£.53))
az = azp + azp = —% [(1 +er)K+ ;K} ) (3.6)

where the coefficient c¢g of the fermionic contribution remains to be determined. The result
for ¢y in the k = 1 gauge appears to be cp = —4 (see below).

Let us now turn to some technical details of the actual computation of the fermionic
graphs we have done. Since the fermions are Majorana (we choose them to be real), the
vertices in fermionic bilinears in the action should be antisymmetrized, i.e. My in (B.1)
should stand for %(Mk — M).39 Then the 2-loop contributions to the 1-PI Euclidean
effective action T' = —[In Z];_p; coming from (B.1)) are given symbolically by:*°

FFB: —i? x i3 x Tr[M1 K~ (p)M K1 (—q)]Y1Y1A™!
FFBB: i x i? x Tr[MaK 1 YoA™1
FFFF: —4i x i? x (Tr[M3K | Tr[MyK 1] — 2Tr[M3 K~ (p) My K~ (—q)])

The total number of fermionic 2-loop Feynman graphs one needs to evaluate is around
few hundred. With the help of a Mathematica-based computer program we computed the
resulting integrands in the fermionic contributions to the 2-loop effective action represented
in the form of the double momentum integrals as in (2.26), (2.33). We found that in the
6! = k#? gauge the integrand depends on the gauge parameter k through the combination

E=(k—k1)? (3.7)

and, unfortunately, this dependence does not cancel automatically. We have re-arranged
the integrands so that to extract power divergences (using transformations of the type
o = 1-— zﬁfn?); the latter were then set to zero by switching on dimensional regular-
ization. We also used the expressions for momentum integrals from appendix E.2. As a
result, we found that the In% A ~ }2 plusIn A ~ % UV divergent part in the 2-loop effective

action is coming from (cf. (R-21), (2:38))*
4m

Lor = 5% (3.8)
Xoo = (= 81,21 = (4= 66)[1,4] + (4 - 29)[1,1]) + (8[1,2] +4[1,4))
24 ) (=364 10+ 0 1401, 1] = 66[1,4] + 2 F 2R 0 39)

3 3

39The antisymmetrization should apply also to derivatives in Mj, (in Y2 one should symmetrize them).

“°Tf the Minkowski space action is S = 1®A® + 10K + --- then ¢ = exp[-1®(A™")'d —
L0GK™") 710+ -].

41 The resulting effective action computed directly in d = 2 contains no IR divergences.
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Here the three terms are the contributions of the FFB, FFBB and FFFF graphs, respec-
tively, and

d,, 1d
[a,b] = I(a)I(b) = p* / d(;;d) 4 = a)l(q2 ot (3.10)

where I(a) was defined in (23§). Thus [a,b] contains the % + 1 divergences. The four
terms in the last FFFF paranthesis represent the contributions of the (D) term in (B27),
of the term with T in (B3), of the term with T*? in (B7) and of the last term in (B.g),
respectively. We find that the [1,2] terms in (B.9) cancel, but there is no cancellation of

the remaining terms, contradicting the expected conformal invariance of the theory.

In general, one may expect that in a (globally) supersymmetric theory the regulariza-
tion of the fermionic and bosonic parts of the action should be done in some consistent
way. For bosons we used dimensional regularization, and the cancellation of %2 pole in
(2-36), (P-37) ensured also that the remaining 2 pole had rational coefficient. Even if we
would manage to cancel the e% pole in the fermionic contribution we would then need some
sort of dimensional regularization producing d-dependent coefficients so that % pole had
rational coefficient to be able to cancel its bosonic counterpart. Which kind of regulariza-
tion is to be used to ensure that is unclear at the moment. The required rationality of
the coefficient of the 1 pole suggests that the coefficients of [1,4] and [1,1] terms in (B.9)
should, like coefficient of the [1,2] term, be separately equal to zero.

Extracting the non-trivial finite part with 3 propagators contained in the FFB contri-
bution we find that it is given by the integral (8.4) (the integral (B.5) does not appear) but
its coefficient is also gauge (§) dependent

Xin = (4+201(VE,1) (3.11)

This gauge dependence of the UV divergences and of the finite part which should not be
present in the on-shell effective action is indicating a problem with maintaining x-symmetry
at the quantum level in the computational prescription we have used.

Given the unsatisfactory result we found in the ' = k#? gauge we decided to redo
the computation in a light-cone k-symmetry gauge which is the direct analog of the usual
I'; 6" = 0 gauge in which the flat-space GS action becomes quadratic. The quadratic
and quartic fermionic terms in the AdS5 x S° action in this gauge are listed in appendix
D. Using a similar computational prescription as described above we have obtained the

following counterparts of eqs. (B.9) and (B.11])

Xoo = (8[1,2] + 12[1,4] + 8[1,1]) + (= 8[1,2] — 12[1,4])
—%(36+11+24)[1,1] _ —?[1,1], (3.12)
Xgn = 41(V2,1) . (3.13)

Here the three structures in X, are again the contributions of the FFB, FFBB and FFFF

terms. The three terms in the last paranthesis represent the contributions of the ([D.16)

term, of the first term in (A.4) in the M? term in (A.9) and of the second and third terms

in (A4) in (A.9), respectively.
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12 but one piece of good news is that

Again, the divergences do not appear to cance
the total coefficients not only of the [1,2] but also of the [1,4] structures vanish just as
they did in the k = 1 (£ = 0) gauge in (B.9). Moreover, the finite term in (B.13) is exactly
the same as (B.11) in the k = 1 gauge.

If we make the bold assumption that our computational procedure can be corrected
so that the results in the two gauges fully agree with all divergences cancelling out and the
finite part still given by (B.13) then that would result in the prediction for the coefficient

as in (B.6) with cp = —4, i.e.
1 2~
ay = agp + agp = —— [(1 ~ K + gK] ~ 0.750335 . (3.14)
T

This is even further away from the numerical result ([.3) of BJ] than the purely bosonic
contribution (R.53).

4. Concluding remarks

In this paper we initiated the study of 2-loop quantum corrections in AdSs x S° string
theory on a particular example of the expansion near a simple “homogeneous” classical
string solution. We used conformal gauge for the 2d diffeomorphisms and considered two
different choices (“covariant” and “light-cone” ones) for the k-symmetry gauge.

While we did not manage to completely sort out the expected cancellation of 2-loop UV
divergences between the bosonic and the fermionic contributions, our computation revealed
the special transcendental structure of the finite term in the 2-loop effective action that
determines the next-to-next-to-leading order coefficient as in the strong-coupling expansion
of the cusp anomalous dimension on the gauge theory side of the AdS/CFT correspondence.
We expect that an improved version of our computation® that will resolve the technical
problems of apparent gauge dependence and non-cancellation of part of the divergences will
not substantially change our conclusion about the finite part determining the structure of
the coefficient ag in ([[.9).

The reason why we have more confidence in our result for the finite rather than diver-
gent part of the 2-loop contribution is that, as explained in section 3, the former is deter-
mined only by the quadratic fermionic terms in the AdSs x S° superstring action ([A.§),
while the latter depends essentially also on the complicated quartic fermionic terms ([A.9) A

Our prediction (B.g), (B-14) for the 2-loop coefficient as suggests the following obser-
vation. It is interesing to note that the first three terms in the strong coupling expansion

42Power-like divergences have been eliminated in both equations () and (@) due to our regularization
scheme. It is, however, interesting to note that in a cutoff-based regularization scheme the power-like
divergences appearing in the light-cone gauge are milder than those in the 6! = k62 gauge. In particular,
quartic divergences appear to be absent in the former gauge.

“30ne may try to redo the same computation using a different fermionic parametrization of the AdSs x
S® action (e.g., like the one employed in [@]) It would be interesting also to attempt to do a similar
computation by starting with the Berkovits formulation [@] of the AdSs x S° action.

“4There is of course an issue of apparent gauge dependence of the finite part () in the 6! = k6? gauge,
but given that we got the same finite results in the two very different gauges — 6' = 02 and the light-cone
gauge — we are inclined to speculate that there is some problem with the computation in the k& # 1 gauge.
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of the cusp anomalous dimension ([[.7) hint at a systematic expansion in polygamma func-
tions. Indeed, a; in ([.9) can be written as a; = —5(¥(1) — ¥($)) and ay is a linear
combination of K (2.47) and K (2.5() which contain only the values of the first derivative
of the digamma function ¥(z).4® It is therefore tempting to conjecture that the coefficient

/2 in the strong coupling expansion in (1), ([.2) will be a

an4+1 appearing at order A\~
combination of values of derivatives W(™(z) at rational arguments. A potentially related
structure may follow from the strong coupling expansion of the BFKL kernel which at
weak coupling expresses the finite spin twist-2 anomalous dimensions as an expansion in
derivatives of the digamma function (see [5g] for a comparison between this approach and
the Bethe ansatz predictions).

Similar 2-loop computations can also be done for some other special string solutions,
for example, for the 2-spin (Ji, Jo) solution in S°. This solution further simplifies in the
limit .J; > J5, and the 1-loop correction vanishes [5f]; the same is expected [57 to happen
at the two (and higher) loop level. The methods of the present paper allow one to verify
this.

Acknowledgments

We are grateful to G. Arutyunov, L. Dixon, S. Frolov, I. Klebanov, T. McLoughlin, R. Met-
saev, A. Stasto, M. Staudacher, X. Yin and D. Zanon for useful communications and dis-
cussions. R.R. also acknowledges the support of the National Science Foundation under
grant PHY-0608114. A.T. thanks the Physics Department of The Ohio State University
for its support. A.A.T. acknowledges the support of the PPARC, INTAS 03-51-6346, EC
MRTN-CT-2004-005104 and the RS Wolfson award. Part of this work was done while
A.A.T. was a participant of the “String and M Theory approaches to particle physics and
cosmology” workshop at the Galileo Galilei Institute for Theoretical Physics in Florence.

A. AdSs x S° superstring Lagrangian

The starting point of the 2-loop computations in this paper is the type IIB Green-Schwarz
AdSs x S° superstring action I = fdza L which is the sum of the “kinetic” and “Wess-
Zumino” term [{]

VAT 1 , 1 _
L= L+ Lwz="_"|~ 5\/—hh‘lﬁL§L§ — 28 /0 ds L, s"0'TALg,| . (A1)
The explicit form of this action to quartic order in € (which is sufficient for our present
purpose) was presented in [[]. The exact solution of the Maurer-Cartan equations for the
supervielbeine was given in [[§] (see also [f]). The AdSs x S° supersymmetry algebra and

thus the resulting string action of [l can be rewritten in terms of 10d Dirac matrices

450One may wonder if the actual mechanism of cancellation of UV divergences may leave behind a finite
piece containing In 2 terms. The presence of such In 2 terms could be in conflict with the “transcendentality
principle” assuming one extends it from weak-coupling @, EI] to a strong-coupling expansion. We thank
M. Staudacher for this remark.
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making it independent of a choice of a particular representation of I'* [Bg] (see also [f], (]

and [BJ)).40

In the above expression I,.J = 1,2, s’/ = (1, 1), LA = (L7,)s—1 and

. sinh?($ M) sinh(s M J
Lés = (%x”e;‘(x) — 4i0'T4A [TQQ} D67, Lés - [#Dﬁg} J(A.2)
1J

] 1
Dol = Dot — %EIJBAF*FAHJ, DT = af’ + ZwABFABHI, et = dat eﬁ(m) (A.3)

(MHIL = 1, 1497951 4 + %ELK (T0765T T, — TV 9795y T . (A.4)
Here D'/ D7X9K = 0. The indices run as follows

w,v=0,1,2...,9; A= (a;d); a,b=0,1,2,3,4 ; d, V' =5,6,7,8,9
For Dirac matrices we used the notation from [B]

I, = iTol Tol3 " = D58 I = I, =Ty, (A.5)
r=-12=1, I'1 = —T'0123456789 r'f=1. (A.6)

Here T'4 are 32 x 32 Dirac matrices, I'i4I'p) = nap = (—=1,+1,...,41), and I'1; defines
the 10d chiral projectors. We also assume the standard hermitian conjugation rule for
fermions: (yx)T = xTyT.

In the type IIB string action the fermions are Majorana-Weyl of the same chirality,
e.g., 1 =T1167. The Majorana condition

6=07c, =01, cT=-cC, r,=-c'ric. (A7)

can be solved by choosing C = I'’ and thus having € real.*” In the specific representation

of I'-matrices used in [@, I'y1 = L X 03, so that “left” spinors satisfying 0! = Ty,6!
have lower 16 components equal to zero. The final result of our computation should not
depend on a choice of a particular representation of I'4 and C.

To quartic order in fermions the fermionic part of @) is (L=Lp+ Lp, Lp=
Lro+ Lpg+--+)

\/_X‘CFQ — Z-(naﬁé-IJ _ GQBSIJ)H_I’éaDﬁaJ
= i(n*Fs"7 — e*Ps)ol¢, [&’Kpﬁ - %EJKP*,% 0", (A.8)
2

VA

46This “10d covariant” form of the action naturally comes out of the general form of GS action in type
IIB supergravity background @] once one specifies the curvature and the 5-form field to their AdSs x S°
values.

. . i
Lps = (P17 — eBsl7) [ée%M?mDﬁeK + 5(evKrf“DaevK)(eﬂrADBevJ) (A.9)

4"For 10d Majorana fermions of the same chirality 1/7)11",41“‘14” 12 is non-zero for n=o0dd and is symmetric
in 91,2 for n = 3,7 and antisymmetric if n = 1,5, 9.
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Here we used the conformal gauge v/ —hh®? = 1 and

1
bo = eéI‘A , el = e;‘@axp, Dg = 0g + ngABFAB . waP = prBaaxp . (A.10)

a

The metric, vielbeine and spin connection are those following from the AdSs x S° met-
ric (2.12)). In particular, the non-zero background values are (see (R.19), (R.16), (A.20))*®

K iR
fo = %(Fs +T9), $1= —E(Fzs —Ty), eleap=—K"as, (A.11)
woABFAB = \/§HF7(F8—F9) = 21'1“7¢1, wlABPAB = —1 2HF7(F8—|—F9) = —21'1“7¢0 .

Let us list the general expressions for the projected vielbeine e = ef@aaﬂp for the AdSs x S°

A_
metric in (2.13), (E14)

14122 k 1 5
62{ — %’ﬂa&t7 ea = maaz s ]’C — 1,2,3,4 (A12)
4 4
5 V1 — 2 Ty 6 Doy
e = ——— " Jyr+ Oy, ep = ——=— (A.13
V-2 -0t —y?) ¢ vl—y2( )
el = /1 =22 — 20,9, (A.14)
e = /1 —22 —y2cos D2, eh =1 — a2 — y2sindags . (A.15)
The Lorentz connection satisfying eo‘ﬁ(aaeg —|—waABe]63) = 0(wAB = prBaaxp = —wibB) is
k k n n k
0i _ = kn _ 1270a2" — 2" Oaz 6___ Y 5
Wa b = Oat - i22 , wa'' =3 - i22 , we = — yZea (A.16)
57 _ _20a¥ 53 _ ©cosy dadn

W' = —/—, we® =
“ V1= 2 “ V1 —y?
V1 =12 V1 =2

6 YV 1—a%—y?cos) Oad

Wa = )
V1= 1?2
2 02
w8 = Y -2 —y S;flw@a(ﬁ?, (A.19)
V1i-y
wa™® = sint Oudo wa = —cos ) O3 . (A.20)

B. k-symmetry gauge fixing: 0! = k6? gauge
One natural gauge choice (used also in [, [[0, [[J]) in the present case is 4°

0l =0>=9. (B.1)

“We recall that the AdSs and S° coordinates in (2.13), (R.14)) are labeled as 0,1,2,3,4 and 5,6,7,8,9.
49This gauge is singular if one expands near a null geodesic but is regular if the string background has
both 7 and o dependence.
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Then for the relevant (to 2-loop order) quartic terms in the fermions one finds
LA, = 0aafel — 2is*0T4D,0 + %HFA(—rabeerabr* + Y 00T iy I )T 56 €2
= Oaa’el — 2is* 0T Do) + %HPA(—rabeerab + %Y 00T iy )T 56 €2
s’ TAL), = —isOTAT,Tp0 ef — %ﬁerAr*rBaarBDﬁe : (B.2)
As a result, the “kinetic” and “WZW?” parts of (A.T]) become (to order %)

2 1 _ _ _
L Lkim = 1P [ — 5001 052" G (z) + 2ie2 0T 4Dgb + 2004D, 00T 4D

VA
1 _ _ -
+Ee§e§ O 4(T°00Ty, — 70 eera,b/)rBe} : (B.3)
27 _ T 4= _ A= _
\/—Xﬁwz = ¢ [ —eflefOT AT, T 50 + gegar AD T 0O BDg0 — iel0T g T 40005 Do

_ 4i 4 ;
_ B [ — eAeBOr 4TI 50 + éeger Ar*rBearBDﬁe]. (B.4)

We used that for the “left” fermions I';10 = I',I.0 = 6 and also that A gI',I'40 =
—OT' AT, T'g0. The resulting action is the same as the quartic fermionic action found in
egs. (4.12)-(4.14) in [A] upon restricting it to the gauge (B.J)).
One may also consider a more general gauge (here k is a real number)
o' = k6%, 0>=90. (B.5)
Then to 6* order
LA, = Baxpe’;‘ —i(1+ k*)s%0r4D,0

4
+(1+ k2)22—89—FA(—F“b9§Fab + %Y 00T gy )T e
3
STOITALY, = (K2 — 1)s0T4Dgh — iksOT T, T el — k(1 + k2)%§FAF*FBH§F 5D30

+(k* - 1)§am(—rabeamb +T¥Y00T iy )T cbe§ (B.6)
As a result, (B.J) and (B.4) are generalized to
%Lm = 8 [ - %&lx“agﬂ:'/GW(:ﬂ) +i(1+ k?)eloTADg0 + %éﬂpaeéﬂ%e
—%egegém(—rabaérab + Y 00T iy )T 56| (B.7)
%ﬁwz = [ —i(k* — 1)eafT ADgh — kellef O osT.T 50

1 _ _ 1 _ _
+6ik(k2 +1)e20T 4T T 00T B D36 — 5z'k:(iez +1)e200 T, T 40078 D0
= 8 [ —i(k* — 1)ef 00 4D — kefyel 0T AT, T 50

2 _ _
+§i/<:(k2 +1)ed0T AT, T AT BDsH | (B.8)
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where we used that the term proportional to k* — 1 vanishes under antisymmetrization in
a, 3. Note that if we rescale 6 by (@)1/ 2 then (B.7) will become equivalent to (B.d)
while (B.§) will take the form

2 k2 —1 4= 2k _
\/—”chz = |~ 2ig5— 2 €T 4Dy — s eilefITALT 56
T i
%meger Ar*rBaaerﬁe] : (B.9)

which reduces to (B.4) for k = 1.

The fermionic propagator in the #' = k#? gauge corresponding to (B.3), (B.9) (after
the above rescaling of 6§ and after the rescaling of momenta by k, i.e. with the same
normalization as in (B.3)) is

k' 4k k=1

K '(q) = quﬂ —1i)(q0 — q1) + g(l +1)(qo + (h)] I's

+ [%_1(1 +i)(q0 —q1) + g(l —i)(qo + q1)] Ly — i\/ir*FSF-‘))C (B.10)

where ¢ is the 2d momentum and C is the charge conjugation matrix. Note that the
contribution of the connection terms in D, to the propagator vanishes (cf. (A.11)).

The propagator is invariant under k¥ — k~! combined with the 2d parity transforma-
tion, i.e. g1 — —q1. The same transformation is also a symmetry of the interaction terms

in (B7), (B3

C. Cancellation of 2-loop corrections in flat-space Green-Schwarz action
in 0! = 6% gauge

To clarify the issue of cancellation of power divergences in diagrams with fermion lines
it is useful to consider a similar 2-loop cancellation in flat space type IIB GS action [g]

(cf. (B.D))

1

2ral

1 _ _ 1
I / d*c [— 5(8ax“—i91F“8a91)2—ieaﬁsl‘]ﬁlfuﬁﬁﬁ‘] ((%x“— 51’9[(1‘“6&91()], (C.1)

where we fixed the conformal gauge /—hh®® = . Let us expand this action near the

“homogeneous” classical solution®!

xt = NEo?, 0% =(1,0), (C.2)

*Note that the GS action (EI) is not invariant under ' — 6% due to: (i) the presence of s’/ in the
WZ term, and (ii) the presence of €/” terms in D@ and in M in (@) The first reason is present already
in flat-space GS action and can be compensated by 2d parity transformation or e“? — —e*P. The second
is due to the presence of a non-trivial RR background: each €’? factor is accompanied by a factor of I'.
(note that I, = I',T'11) which is present due to coupling to self-dual F5 field. Thus reversing the sign of Fj
background corresponds to #* — 62 combined with 2d parity transformation.

51Since the above action depends on z* only through its derivatives, the coefficients in the expanded
action will be constant.
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where NJ are constant vectors (which we may formally allow to be complex) assumed to
satisfy

O 0px) = N NYNg = fnas - (C.3)

Here f is a background-dependent constant. The direct analog of our S® background in
(2.16) is the following choice

K . K
Ng:ﬁ(17_1)7 Ng:ﬁ

, 23 directions are analogs of ¢ and ¢3 in (R.16).

(1,1), f=—x?, (C.4)

where 22
Let us fix the sk-symmetry by the same condition as in (B.]): ' = 6% = 6. Since

s!/ = (1,—1), the contribution of the WZ term in (IC.) then vanishes. The resulting

fermionic kinetic term will turn out to be non-degenerate so this gauge is admissible.
Setting = — z* + I*, we get the following action for the fluctuations z#, 6

- 1 1 _ _
I= 20 | — =(0a@" — 20T 0,0)? + 216~ .
P /d o [ 2((%&5 101" 0,0)" + 2i07%0,0| (C.5)
where
VYo = Ngr;m I\(u]:wy) = N » YVB) = fnaﬁ . (06)

To this action we should add the contribution of the conformal gauge ghosts and the
k-symmetry ghosts. The former is decoupled from the background but the latter is

non-trivial. The invariance of the GS action under the s-symmetry 667 = (9 2" —
i07THO,07)T k! (here the spinor parameter k! is selfdual and x*? — antiselfdual in
2d vector index «) leads in the ' = #2 gauge to an ultralocal ghost action®?
1 _
Ign(b,¢) = 5— / Ao b (NE 4 0y7" — 2i0T10,0)T, ¢ (C.7)

On general grounds, one should expect that the total string partition function should be
trivial despite the non-linearity of the action ([C.§). Indeed, we could have fixed first the
conformal gauge z* = p*7, I'10/ = 0 in which the GS action (C.1]) becomes quadratic
and then choose the background ([C.9) in the 22, 2% directions transverse to (z*,z7), 2% =
20+ 2!, Since we are expanding near an on-shell background, the partition function should
be gauge-independent, i.e. still trivial.

Let us note that the resulting theory (C.J) is formally non-renormalizable: the
fermionic kinetic term is linear in 2d momentum while fermionic interactions contain deriva-
tives. This is a reflection of the absence of the (non-unitary) 9999 kinetic term in the GS
action (i.e. of the degeneracy of the corresponding superspace sigma model metric). Thus
we should expect divergences with higher powers of the UV cutoff (in an appropriate co-
variant regularization); the triviality of quantum corrections requires cancellation of all
divergences, and, in particular, the absence of logarithmic divergences.

52The conformal gauge ghosts and the x-symmetry ghosts decouple.
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Let us first consider the 1-loop approximation. Counting non-trivial %ln det(—0?)
contributions one gets 10 from bosons, -2 from conformal ghosts and —% x 16 = 8 from
one MW fermion 6; this checks that the total effective number of degrees of freedom is
0. In addition, there is a quadratic divergence proportional to Inf coming from the 6-
determinant ((y%0,)? = £0?). It is cancelled by the 1-loop contribution of the s-ghosts in
€A (f d?0 blyacl®+---).53

To compute the 2-loop contribution it is useful first to transform the action ([C.5), (C-7)
into an equivalent but simpler-looking 2-d dual (or “T-dual”) form® by introducing two
auxiliary fields L and P and writing the total fluctuation action as

— 1 2 1 w2 ypeY
Lior = 5o /d 0[ 2(La) + 2i07“0,0

+ b (o + LET )" + PY[LE — (003" — 2i0T"0,0)]| . (C.8)

Integrating first over ## (implying P = B 0y, where y* is a “2-d dual” of £#) and then
over L% results in

1 1 _ _
fiow = 5— / dza[ - 50y + €apb T P)? 4 2107 0p0 — 2ie™P Dgy"OT ,0,0
+ bly,cl + eagaﬁy“bll“ucm . (C.9)
This can be written also as

N 1 1 _
Lot = —— /d20 — —(Day")? 4 200700 + bl gl
2o 2

- 22’60‘685@/“51’“8&9 + eagaay“blfﬂcw + %(blf“cla)2 .(C.10)
An advantage of this form of the action is the absence of the 8% and bc6? terms at the price
of the appearance of (simpler) (bc)? term.>®
Then the only 2-loop diagram involving 6 is then of type (a) in figure 1 where one line is
bosonic and two lines are fermionic. Because of the properties of ~,, in ([C.6) the propagator
for the Majorana-Weyl 10d spinor 6 is essentially the same as for a 2-d fermion, i.e. is (in
%%
By

momentum representation) . Then the non-trivial contribution (from the diagram on

figure 1(a)) to the 2-loop effective action is proportional to (V2 is the 2d volume factor)

& / d?pd?q Tr(T*p°val uav3) €°py (0 + @)s€”® 4y (p + @)y

2 ) @) PE0+ a7 (G

53Similar cancellation applies to the p*-dependence in lightcone gauge.

54 A similar transformation was used in [E]

55To make the structure of possible cancellations more transparent it might be useful to replace the
(anti)selfdual ghost ¢'® with two commuting ghost spinor fields (the associated Jacobian is background-
independent): ¢'® = (g8 + #9091, 2 = (P — €*P)PpY¥? . That way it may be possible to show the
cancellation of corrections between loops of 6 and loops of (b, 97 ) to all orders. We will not pursue this
here.
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Since’® Tr(I’“po‘%,I’Hqﬁyg) = —10 x 16 f(pq) we end up with (omitting the prefactor %)

/ d’pd*q (pqg)[(pg)* — P*¢*] _ / d*pd*q [1 L gt e?
@em* pPp+qe? ) 42! ¢? 7
¢’ P+ +2p9)® 1 p (C.12)
(p+q)? 2p%¢? 2(p+a3¢]

where we factorized the integrand and used the symmetry under p — g as well as Lorentz
invariance of the integrand. The above integral can be simplified further into

?  (p+q)?

2 2 2 2 4
/d pd“q [p q %( P (C.13)

4(2m)4 p+q)*¢?
This integral is quartically divergent. Applying the dimensional regularization (in combi-
nation with an IR regularization by a mass, see [i0]) we conclude that it does not contain
any logarithmically divergent or finite parts, i.e. the result vanishes. The contribution of
ghosts is also trivial in dimensional regularization.

Alternatively, we may use an explicit regularization like an exponential cutoff by in-
2

serting e A7 for each momentum integral. Then we get for (C.13) (omitting the overall

factor)
/ dQZ(’;ifika 5 (p+ g + k) (kK* —p* - qZ)[(gﬂ—qf;— CP —APC] LR ) (C.14)
Using the symmetry of the integrand under interchange of p, ¢, k we obtain
= / Z?gﬁg[ _ (1;;;;12)4 (p ;‘2(1)2] o~ 2z PP+ +a)?) (C.15)

Evaluating the integrals here we find that the first term in the bracket gives % while
each of the last two gives zero.

The result is thus simply a quartic divergence, which should then be cancelled against
the local k-symmetry ghost contribution so that the total 2-loop contribution to the ef-
fective action is trivial. A careful check of this cancellation may require a systematic
development of the phase-space quantization of the GS action in the §! = 62 gauge (with
all measure factors taken into account).’” The use of dimensional regularization allows
one to by-pass this problem. This is the strategy we adopt also in the curved-space case

considered in this paper.

56The trace is taken with the Weyl projector implied.

5TIn general, local measure may not be fixed in the Lagrangian quantization; that means also power
divergences can not be cancelled unless all local factors of ghosts and measure are included. For a previous
discussion of quantization of flat-space GS action see, e.g., [@]
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D. k-symmetry light-cone gauge I'; 7 = 0

The flat-space GS action is known to simplify dramatically in the x-symmetry light-cone
gauge I', 7 = 0: the quartic fermionic term in it vanishes. It is natural to expect that a
choice of a similar gauge may also lead to important simplifications in curved space-time
case. In particular, at least part of power divergences may then be absent. Below we shall
present the details of the structure of the AdSs x S® action in a light-cone gauge I';. 07 = 0
needed for computing the fermionic 2-loop contribution discussed in section 3.

D.1 Vanishing of 2-loop correction in the expansion near null geodesic

As a preparation for the 2-loop computation we are interested in it is useful first to con-
sider the expansion near the simplest point-like string configuration: null geodesic that
goes around S°. Since this is a BPS configuration preserving 1/2 of supersymmetry one
expects to find that all world-sheet loop contributions to the sigma model partition func-
tion expanded near this background vanish, i.e. the ground-state energy should not receive
quantum corrections. This is indeed easily verified in the 1-loop approximation where
choosing the light-cone k-symmetry gauge one gets 8 bosonic and 8 fermionic fluctuation
modes with equal mass [{{, [t], [[0]. We have checked explicitly that the same is true also in
the 2-loop approximation where one no longer has a benefit of an effective 2d supersym-
metry or even manifest 2d Lorentz symmetry present in the “l1-loop” (i.e. “plane-wave”)
action.

We shall use conformal gauge and consider the expansion of the superstring action near
the following sigma model solution corresponding to the metric (R.19), (R.14): t = k7, ¢ =
k7 with all other angles being trivial. It is actually useful to change the parametrization

of the S® metric from (B.14) to the one similar to (B-13):

1— 1,2\2 du™d

(ds?)gs = (%) d? + n=1,234. (D.1)
1+ 3y (1+ 392)

Then the classical solution (which solves both the sigma model equations and the conformal

gauge constraints) is

t = kT, ¢ = KT, 2z =0, Yn =0, (D.2)

and we should thus expand the action to quartic order in fluctuation fields t = t — k7, (]3 =
é — KT, 2, Yn and 0! subject to the l.c. k-symmetry gauge condition (I'g +I'5)0! = 0 (we
label ¢ as the 5-th coordinate).

Let us first make general comments on the bosonic contribution. The logarithmically
divergent parts of the effective actions of the decoupled AdSs and S° sigma models are
each given by the counterterm (P.7]) multiplying the dzdz term. For a symmetric space
(B.7) is proportional to the metric itself, so we get, up to numerical coefficients, (o/R +
o?R? + a®R3 + - )G (2) 02+ dz” . Since the scalar curvatures of AdSs and S° here are
opposite in sign, we conclude that the divergence at one (or any odd) loop is proportional
to the difference of the AdSs and S° classical actions, while the divergence at two (or any
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even) loop is proportional to the sum of the AdSs and S° classical actions (i.e. to the total
classical string action). The difference of the AdS5 and S° classical actions is non-vanishing
on (D.2), in agreement with the presence of 1-loop divergence coming from 8 equal-mass
bosonic modes; this divergence is of course cancelled by the fermions. The sum of the AdS5
and S° classical actions vanishes on the solution ([D-J), so we conclude that the bosonic
part of the partition function can get only finite contribution at two (or any even number
of) loops.

This is indeed what we have found by the direct 2-loop computation: the bosonic
2-loop contribution happens to be completely trivial, i.e. the 2-loop bosonic part of the

effective action vanishes.?®

As for the fermionic part, we found (using the l.c. gauge expansion) that the con-
tribution of the diagram in figure 1(a) with two Yukawa FFB vertices is identically zero,
while the contributions of the FFBB and FFFF terms in figure 1(b) are proportional to the
square of the simple massive tadpole integral® [1,1] in (B.1() with the coefficients being,
respectively, 32 and -32.

Thus the total 2-loop term in the effective action expanded near the null geodesic is
indeed zero.

Let us stress that to arrive at this result we used dimensional regularization only in a
limited sense: all tensor algebra was done in d = 2 and we continued to d < 2 (to eliminate
power divergences) only at the very end for the scalar integrals found after factorization of
highest divergent parts of the integrands. If instead we have used the standard dimensional
regularization (i.e. have assumed that (paps) = 21a5(p?) instead of (papg) = 21a5(p?))
then the contribution of the FFFF term would be —64(1— é) and we would be left with non-
cancelled % divergences (and a finite part). This indicates that the standard dimensional
regularization cannot be applied to the GS action: it breaks some of its symmetries which
results in non-trivial corrections to what should be a protected BPS state. This of course
is not surprising given, in particular, the presence of the WZ term in the GS action.

D.2 Expansion near the S° solution in the light-cone gauge

The background (R.15) selects two spatial directions zg = ¢2, 29 = ¢3 so a natural choice
for the l.c. gauge condition that should produce a non-degenerate fermionic propagator
when one expands near (R.17) is [[o+ %(Fg +19)]6" = 0. More generally, we may consider
a “rotated” choice [’y + ﬁ(l“g +(T'9)]6" = 0 where C is a gauge-fixing parameter. The

result for the effective action does not depend on the value of {: since I'4 have tangent-
space indices this = follows from rotational invariance of the action in the tangent space.

*Note that our computation is different from the discussions of near-BMN expansion in [E, @] where a
light-cone-type gauge was imposed on the bosons. We instead use the conformal gauge, with the conformal
gauge ghosts cancelling the contribution of 2 massless longitudinal modes (f and d;) at 1-loop; within our
regularization scheme the contribution of these modes also decouples at higher loops.

%¥We again set k = 1 by a rescaling of 2d coordinates/momenta.
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In what follows we shall choose the simplest option ¢ =0, i.e.
r.6'=o, 'r, =0, (®)'r_=0, (D.3)
1
Ty = 5 (#T0 + Ig), I.I,+T, T =1, 1 =0, (I, )?=r,T_ (D4)

Splitting the bosonic tangent-space indices into 0,8 and p,q = 1,2,3,4,5,6,7,9 we get

from ([A.3)%°
Dob” = 0,67 — 2( W — W3 T,07 + iwgqrpqu
—{—%GJKGZFPHF,GK - %EJK(eg — ek, (D.5)
where
II=T934, [,=4d, TI?=1. (D.6)
The combination entering the quadratic fermionic term ([A.§) becomes

0'¢aD3b” = —(e) — €5)0'T 9507 — — (el — €5)w0' T _Tpy0”

a

»Jkl»—\

1
—|—56JK(eg - ei)(eﬁ —e )GIF s

1~
—50'eFaTy [(wgq —W3T_T,07 + /KT_efT, H@K] (D.7)

Expanding the vielbein and connection near their background values in (A.11]) we find for
the fermionic kinetic term

~ 1
=Ly = i(nP§lT — Bl [efr_eiagau 5€ TE (& eﬁ+e9eg)01r_neﬂ , (D.8)

&S = %(1, i), el = %(1,2), eey +eney = —Kmag . (D.9)
n*feiel =nledey = -1, n*elel =0, e*Pelel =i (D.10)
Thus
2 0 K N N
= o % [(1 — D)0 _ (91 + )0 + (1 +4)B2T_ (0, — )62
—iV2k ('T_116% — 9°T'_T19") ] = %GTKG : (D.11)

where the kinetic operator in momentum representation is (we now set k = 1)

_ (1 —i)(q1 + qo) —V211
Ko=—ive ( VA (14 i) qo>> el (B-12)

50We have dropped the term with w®® since this component of the connection vanishes for our direct-
product metric.
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Here we used that § = 07C, C = T = —T'y (see (A.7)) and that CI'_ = (I'_ — T, )['_ =
I,
Then we get for the propagator (cf. (B.10))
PEEE <<1 +i)ai—q) V2

-1 _
v (T e e o

where ', T_ =T.C, ¢*> = —q(z] + ¢?. The propagator can be written also in the following
“covariant” form:

1

—1\IJ __
NG PRy

[(iéﬁﬁ” + &2ty — \/iﬂeu} . (D.14)

The logarithm of the determinant of K gives the same 1-loop contribution in ([L.16) as
found in the 8! = k6? gauge.

The FFB and FFBB interaction vertices are found from expanding (D.7) (multiplied
by i(n®P677 — e*8s17) as in () to quadratic order in bosonic fluctuation fields in (B.16)
using the expressions in ([A.13)—(JA.2(). Then the Feynman graphs are constructed using
the propagators (2.24) and (D.13). For example, the interaction vertices linear in the S0
field  in (R.16) are given by

2T - - 1 NN =
ﬁﬁFQ 5= SI“'IHIPEJQP_HJ + E(ao + Zal)xlsIJEJKHIPE,gP_H@K
—;W(ao + 261)33 9_111571179[ - 2—\/5(60 - z@l)j SIJ9_1F57F,9J, (D15)

where we used that a term with I'sg similar to the one with I'sg gives vanishing contribution.

The relevant 4-fermion terms follow from the general expression in (A.9). Using (A.20)
(W8 =e8, o = —&?) first keeping &5, &2

for the second term in ([A.9)

general and then using relations (|D.10) we find

%(naﬁaf T e BsI TN (KT ADLO5) (0T T aDsb7 ) = % [ - 6XTrr_T76%0'TPr_T10!
+is! T LORTPT 17605617, DIl _ 6"
—is! K L9IT, T _T707 95 TPToTIT _ 0"
— BB IMORTPT I _9R9'T, TolIT 0™ ] .
(D.16)

The first term in (A.9) contains two structures:

01 ¢ M% 1 Dg0" = e80'T_ M3% Db + &0 ToM? Do . (D.17)
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Computing them using (A.4), (D-10) we get

(P51 — Bt NNeE I M2, D%
= %(UQB5L]—faBSIJ)égELK[é]FAIﬁjQJéLijFAIIaﬁeK:—éJF,IﬁU#HJéLFWWIZJIageKJ
1 i IR
—Zs” MK [O'T_TY9791 T, ;T _TIT790% — 'T_T77 919 T ;)T _IT 796" |
2 [0'T_ 9979 T, T 0" — 'T 177 976, T 0] (D.18)
(8617 — @B \ed 91T g M3 DK
1 _ _
= 5s” [e/26'Tyr_ TITP0-" T, I_T76%
+0' TP KT 197 6E T, I0 170K — LK ITgr_ 179795 T, I 176K
— 2 [fLKMGITg TITPYLAKT, ToTIT 6™
2

+O T _Ti! 0L, DT 0L — 91T _T7 976L T, DT 6] | (D.19)

where 4,7 = 1,2,3,4; ',j' =5,6,7,9 and p = (4,7').

E. Calculation of 2-loop momentum integrals

E.1 Bosonic integrals

Here we compute the integral of Zy in (R.30) that enters (2.26) and (R.3d). We split the
integrals in the same way as their integrands in (R.3()

d?q;d?q;
IN:3(IN,1—|—IN,2+IN73), INJ:/% IN; (E.1)
Let us start with Zy 1 and introduce the tensor
1
Jas _ / Padayda, o) 0+ 0) @} q) ¢ (¢ + ¢ — ¢})?
1 - T o.\4 4 J
(27) (47)? (a7 +4) (43)? (qf- + 4) (a7 +4)

1

= 1 [An™ 0™ + A (P 0] (E.2)

61

where we used the symmetry under ¢; < ¢;.°° Taking traces over («,7) and (53,9) we

obtain

(@ + ¢ — q})?
@@+ ¢ (2 +4) (2 +4)

A2 qid2q:d2
A+ Ay = / CLLLE T 5O (g + ¢ + i) (E.3)

(2m)*

61We reinstated the integral over gy to make the symmetry between ¢; and ¢; manifest. Also, we used
the notation 7.g for the 2d metric. The integrand () was already continued to Euclidean space; at the
level of the above analysis this replaces n.g with dag.
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We only need that particular combination of A; and Ay to compute Iy ;. Expanding the
numerator and using various symmetric integration identities we get from ([E.J)

d2q,~d2qj |: 4
2m)2 | i (af +4)g7 (g} +4)
2
TRENE D) DG D)
- 2 s 16 }
G (@ + 4 +4) ¢} (@] +4a}(q; +4) (g +4)
— 4/ d*q;d*q; [_ 4
a @m)* [ g (@ +4)q;(qF +4)
1 1
T+ )+ @+ D@ V(@) + 4

IN71 :4(A1+A2) = 4/

] (E.4)

For In o we proceed in the same way by starting with the tensor

d*qid®q;d%q, 60q, 9] 4}
Ia,@“ﬂ; _ / i J 5(2)((] +q; +Qk) 1 4q Y5 Y4
2 (2m) Y 0} (g} +4) (¢ +2) (¢} +2)
1
= 243 (™0™ + 0™ ), (E.5)

where Ag is found by taking the trace. As a result,

d2qid2qj' 1
@m)* (qF +4)(q] +2)[(ai + ¢;)* + 2]

Iy = —84A3 = -8 / (E.6)

For the integral in the last term Zy 3 in (R.30) we need to consider two tensors associated
with the prefactor

—(Qioqj‘o - Qi1Qj1)(Qi0q14:0 - Qi1Qk1) = (QiOQjO - %‘1%1)2 + (qz‘oqj‘o - qilqjl)(qzzo - qz‘21) s (E-7)

i.e. one with two ¢;’s and two ¢;’s and the other one with three ¢;’s and one ¢;. The first
one is then similar to 7%77° in (E3)

B 5
o _ /quidijd%k 5O (gi + 0 + a1) 6’079/ [(4)” — (g} — 4¢)’]
- K
3 (2m)? 7 (a7)(a? + a3 (@} + H)ai(aqf +4)
1
=3 [A4 770477765 1 As (naﬁnvé + 770457767)] , (E.8)
where

d?q;d?q;d%qy, [(q2)2 - (q2 - QI%)Z]
A+A:/#5(2) i+ a4+ : :
4+ 4 (2r)* @+ ai + ) P+ (¢ + a2 (q] +4)

_ dzqiquj 4
B / (2m)* [(ﬁ(q? +4)q3(q3 +4)
1 1
RG] AN+ w4

(E.9)
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The second tensor we need is

Fatns _ / PadaPa o) L ¢¢q/q ¢ (@) = (¢} — a})?)
3 (2m)* Y (q7)(af +4)a7(q5 + 4)az(qp +4)

1
= A6 (1™ + 0P+ n0) + Ag (n1e® 0?0 +0Te) L (E.10)

The A7 term is not contributing in our case since the combination in ([E.7) is symmetric in
¢i,q; (in fact, A7 = 0 as one can see by doing explicitly one of the two integrals). Taking
traces gives

(g — @+ ¢ [(¢)? — (¢ — a})?)
(@2 + 43 (@ + DR (g} +4)

Ag =

1 [ Pgdqd
—/M 8P (g + qj + ar)

2 (2m)4

_l/dQ%'dij [_ 4
2/ @t | @@ +4)d(d +4)
1 1

+ + (E.11)
Gail(a+a)? +4 (@ +4) (g7 + (g + g5)* +4]
Finally, we get
IN73 =4 (A4 + As + 2146) . (E12)
Summing up the above expressions (E.4), (E.f) and (E.1J) we obtain for Iy in ([E.1))
d2qid2q]' 4 1
Iy =24 T | 20,2 2( 2 T 2.2 2
(2m) q;(q; + 4)%‘ (q]‘ +4) g 4q; (@ +g;)* +4]
1 1
~ N E.13
(@ + 9@} + 2@ +a)* +2 (¢ + (G + (e +¢)* + 4]} (=13
The integrands on the first line of (E.1J) combine into —— 801 and the

4743 (a7 +4)(¢3 +4)[(qi+q;)2+4]
resulting IR finite integral can be evaluated using Feynman parametrization. Alternatively,

we may evaluate the two integrals separately introducing an IR cutoff my — 0 and using
that

d?qid*q; 1 1 1 1 1 o (mi
/ 1 2 27 3 2 27 2 - 5 In” { — |, (E.14)
(2m) ¢ +mg g +4 qj+mg g+ 4 (4m) 4

and also the previously computed expression (R.45) for (R.41]) (see (R.49), (R.44)), i.e.

& qid?q; 1 1 1 In mi% + Inf[z(1 — )]
2 dx
0

@0F (@ +m) (@ + m)l(a + ;)2 +4] (47 da(l—x) —m?

2
#[ETFQ—Fan m0>:| (E15)
7I8

The remaining two integrals in ([E.1J) are again of the familiar type (2.42), (2.44) and are
the same as in (R.44) and (R.49)

Tads 1 L[t )

/ @m)* (g +40)(qF +Dl(ai +¢)* +4] 4(477)2/0 s s )
dad g ! L1t )

/ @m)* (¢ +4)(qF +2)l(a +¢5)? +2] 2(477)2/0 -1 17
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They are thus expressed in terms of the Catalan constant K (2.47) and a combination of
trigamma values K (2.50). Explicitly, combining the values of the above integrals we find

or €13 13 24 .
Iy=—-=— (K-K) . (E.18)

E.2 Fermionic integrals

The non-invariant integral in the mixed boson-fermion sector contains two different types
of factors. The first is (here we use Euclidean signature and consider the integral directly
in d=2):

X =(a— 1) = (¢ —24})° (E.19)

and its expectation value over (g;, qj) symmetric Lorentz-invariant measure can be evalu-
ated using that as in (E3) (¢fq)q]¢’) = §(n°Pn" +n®1n°? + ndyP)(gf). This gives

(X1) = 3 ad) (E.20)

The second combination is
Y = (giogjo—qi1951) (qkodro — Tk19k1) = (@ —2¢i1951) (Gh —2ak10k1) s ak = —¢i — ¢; - (E.21)
Using the ¢; — ¢; symmetry of the measure the expectation value of X5 is the same as of
Y'=2q; - q;(q; +4i - ¢) — 440051 (6; +ai - ) —4Hgh +9n951) +8an a1 (g +angn) . (B.22)

Then (Y’) can be found by using the same relations as in (E.10), (E.§)

1
(@tq)a]q)) = (@ @ - ) ™0™ 4 P ), (E.23)
1

(@) ala)) = 520 ) + 3670

+2(qi - 3)° — G@) (P + 020" (E.24)
As a result,
1

(V) = (V) =0 0)" + ¢{q)) = (& + )@ + )" = (@ = 4)*) - (E25)

Let us now consider again the similar integrals in d dimensions keeping track of d-

dependent factors.®? Here we shall use Minkowski signature and always imply that g; +

q; + qr = 0. We start with

/ dlq;dqe gt qlaSal £(az, ar) = A (P + 2™ 4 y20nP7) (E.26)
1
S e ) / d'q;d%q, (@) flaj.a) - (B.27)

52That may be useful for finding the coefficient of the 1 divergences in the fermionic sector as in the

€
bosonic sector in )7 ()
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In particular, we find

/ dq;d%qx (o + ain)” f (g5, ax) = 4A . (E.28)

Let us consider the following combination
2(qiogjo + 411951 (G0 + ain) = —(aio + ai1) (ko + dir) — (G0 + a31) (ko + din) (E.29)
—(giogro + g1 qr1)(aio + ai1) — (@joqro + 41qx1) (dio + 4i1)

The reason for this splitting is to maintain the i < j symmetry. To evaluate its integral
we will need

/ dq;d%qr ¢! daall £ (a5 ar) = Am™ 0 + Bi(n™n + ") (E-30)
Then
d*> A; +2d B; = /ddedko @ qr f(ai> ar),
dA; +d(d+1)B; = /ddqjdqu (¢ - aw)® f (i, ax) (E.31)
and thus

4B; = / dq;d% (a3 + ai) (aio + a71) f (a5, ax)

4

“ddr1 -2 / d?q;dqy [(Qi “qr)” - éqf qi} f(ai ar) (E.32)

Consider also
/ d*q;d%qr, ¢} qiaias £ (g5, k) = Dj(n™nt + 00 + n*n™)

/din,jdko (i joaro + qij1ar1)(dho + ai1) F(Gij> ar)

4
Dij = ———— [ d%qijd%ai(gi; - ar) a3 f (a5 ar) - (E-33
T d(d+2) /d 4,50k (¢35 - ar) a £ (@655 ar) - ( )
Collecting separate terms we get
2 / ddq@'ddq]ddqmd(q@' + g5 + ar) (giogjo + ql-lqjl)(q,%o + qil)f(ql-, > qk) (E.34)
4 1
= [ d'qd'qjd g0 (Gt aj+ ) S | (@ @)+ (g5 - a1)* = (@7 +4))di
d(d+1)—2 d
_ 4 2
+d(d 4 2) (QZ “qk T g Qk)%}f(% qj, q.lc)

Using the momentum conservation ¢; + ¢; + ¢, = 0 we can reorganize various terms:

1 1 1
(qi - qr)*+(qj - Qk)2+§(% CQkt+q k) g = 5(61;3+2qz R Qk+5(qﬁ+2QJ k)G G
1 1
= 5(@1]2 — ) - Qe + 5((1@'2 - qu')qg' "Gk
1
= 5(a = q)” (E.35)
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and then
2 / d?q;id?q;d%qud D (g; + 45 + ar) (giogjo + aingi1) (@b + a20) f (> @5, k)

= /ddqiddq]‘ddqms(d)(qz' +4j +ar)

{7d(d +21) — [ — (@ — ¢+ % (a7 + ) g | — %(Qﬁ)z}ﬂqi,qﬁqm

Similarly, we can compute the integrals
I = /ddqz'ddqg'dd%(s(d)(qz‘ + ¢ + ar)(gi0g1 + ¢i19j0)(Gioqr1 + Gi1qro) f (i q5)  (E.36)
I, = /ddqz'ddqg'ddqms(d)(qz‘ + ¢ + ar)(gi0gs1 + ¢i19j0)(Gioqr1 + Gi1qro) f (i, qr)  (E.37)
I3 = /dinddedko5(d)(Qi +qj + @) (qi0g1 + Gi1gj0)(Gioqr1 + Gi1qro) f(ai> 45, ax) (E.38)

Let us consider

/ dqid q;dqu6") (g +q;+ar) el afat f (@i, q5) = [Am“ P Ao (0 )] (E.39)
We obtain

4 / d?qid’q;d a0 (@i + a5 + ar) a7 4} (45, a5) = Ard® + 2Aqd (E.40)

/dinddedko5(d)(Qi +q +a) (@ + @5 — ap)* f(ai,q;) = Ard + Agd(d + 1) (E.A1)

Then A; and As are

A = d+1 2d/dd%dd%’dd%5(d)(C_IH'C]J'+Qk)[4(d+1)qz'2qu‘—2(q@'2+q]2'—C]lz)2]f(%‘,Qj)
(E.42)
Az = d+1 Qd/ddq@'dd%ddqm(d)(qﬁ%+Qk)[—4Q?q?+d(Q?+qf-—q]3)2]f(q@-,Qj)
(E.43)
Also

1
/ dgid g gD (qi-+ a5+ ar)af 0 6] 43 F (a3 4) = GAI 0™+ 0] (B44)
from which one obtains
8 / dq;dq;d 6D (q; + g5 + ar)a?aia; f (g q5) = d(d +2) A3 (E.45)

The integral I; becomes
1
I = —5(141 + As + Ag) (E.46)

The integral I» can be written in the same way as I; with the formal interchanging j « k
in Ay, As, As. The integral I3 is the same as I.
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